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PREFACE
The process of defining the architecture, components, modules, interfaces, and data for a
system to satisfy specified requirements is known as systems design. In this book, the authors
present topical research examining the development, analysis and applications of systems
design. Topics include the application of mathematical tools to screen, model and control
variability in laboratory systems; the optimization of haulage systems in an underground
small scale mine using fuzzy sets; a new face recognition method using QR decomposition;
development of wireless automatic checking systems for emergency lights via the internet;
design and modeling of a series hybrid propulsion system for light urban vehicles; and
lubrication systems for spacecraft applications.
Chapter 1 - Laboratory experiments need to be organized and applied by ways helping (i)
to control studied system variability, and (ii) to reach some desired system characteristics by
(iii) determining their favoring experimental conditions. These different objectives can be
reliably reached by applying appropriate experiment designs (EDs). Statistically, EDs consist
of matrices giving well defined numbers (n) of experimental points characterized by some
strategic coordinates of k control factors. The type of factors influences directly the choose of
appropriate ED. Strategic coordinates of the n points result in complementarity between
points leading to cover a whole experimental field that is well characterized under geometric
and numeric aspects. Geometric and numeric characteristics of EDs are fundamental to
experiment control, modeling and optimization. ED Geometries are well structured spaces
(with well-shaped hulls) covering the whole studied field and defining its reachability
(validation) limits. Numerically, an experimental design can be characterized and compared
to other EDs by means of experiment matrix. From experiment matrix, several calculations
can be carried out to (i) extract more properties of experimental system a priori (before
laboratory experiments), and to (ii) mathematically model a system response in relation to
control factors a posteriori (after laboratory experiments). Beyond the development of
predictive response models, EDs can be applied to analyze different variation-trajectories
leading to different desired values of a studied response. These trajectories can be visualized
by means of iso-response curves given by mathematical models of measured response in
relation to the factors taken into account by the experiment matrix. The diversity of EDs
makes possible to use different appropriate experiment matrices in relation to (i) the type of
studied system and (ii) study aim. Study aims can be classified into three complementary
ways consisting in screening, modeling and optimizing a system response in relation to some
considered factors. Thus, EDs provide strong tools to sequential system analysis. Also, ED
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diversity covers different approaches to more or less precise system analyses by (i)
considering different factor types (e.g. independent or dependent, variable or fixed,
continuous or discrete), and by (ii) bringing solutions to different constraints including
management of high factor number, reduction of high experiment costs and consideration of
filed reachability conditions. This chapter illustrates the geometric and numeric principles as
well as the applications of several EDs including factorial, fractional, composite, BoxBehnken, Doehlert and Scheffé’s simplex designs.
Chapter 2 - Many underground mines are using trucks to haul ore up to surface. The main
component of the underground mine haulage system is the decline (ramp) which is a single
lane bidirectional road. It means trucks must share road that cannot accommodate more than
one truck at a time. In such environment, collision between two trucks can arise at various
points along the decline, i.e. passing of trucks is impossible. This requires the construction of
places along the decline (passing bays) where one truck must pull over and let the oncoming
truck pass. This problem consists of searching the required number and optimal location of
passing bays along the decline and waiting time. The ability to assess the behavior of the
haulage system in underground mines accurately would be a very useful device for mining
engineers. Accurate assessment of the system behavior is not so easy task because of the
complexity of the system. Fuzzy Sets have more design degrees of freedom than Crisp Sets
and therefore have potential to express behavior of the system much more realistic. The aim
of this paper is to tackle both uncertainty and system planning through an integrated model.
Chapter 3 - This paper presents a new face recognition method using the QR
decomposition. The face recognition method is compared with the face recognition method
by the snapshot Principal Component Analysis (PCA) mainly from the point of the
computation time consumed for the face recognition. The recognition is based on the
distance, measured by the L2 norm, between the vector of the projected test face image and
the vectors of the projected training face images. Specifically, each image is stored in a vector
of size N . Instead of an N  N covariance matrix in the PCA, as in the snapshot PCA
method, Eigenspace is created from a P P covariance matrix, where P is the number of
persons or training images.
Some pattern recognition examples are shown. It is found that the proposed snapshot QR
decomposition method is preferable, in the face recognition, to the snapshot PCA method.
Chapter 4 - This paper develops a wireless automatic checking system for a number of
emergency lights at the same time via Internet. The proposed system can check the status of
emergency lights including the battery with charger using a Microprocessor-based Detector in
a scheduled period. Every emergency light is assigned a respective identification number.
Then, the Nearby Transmitter/Receiver Module can transmit the checking results to the
Remote Transmitter/Receiver Module. Also, the Nearby Computer is linked with the
Microprocessor-based Data Processor that connects with the Remote Transmitter/Receiver
Module via RS232. Using TCP/IP, the Remote Computer can communicate with the Nearby
Computer for a long distance via Internet. Accordingly, all checking outcomes received by
the Nearby Computer can be transferred to the Remote Computer for monitoring and
recording. Furthermore, the Remote Computer can send the control signals to the
Microprocessor-based Detector for a remote real-time checking operation. Experimental
results confirm that the proposed system design presents a good performance in term of
robust, stable, and fast response.
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Chapter 5 - This chapter presents the model of the components of a hybrid propulsion
system and their integration of a light urban vehicle. This concept of vehicle originated from a
specific requirement to design a vehicle with a concrete application: to collect used batteries
from urban bus-shelters. The propulsion system is a series hybrid configuration with an
internal combustion engine as the main charge source for the power batteries feeding an
electric motor. The system is also fitted with a regenerative brake and solar panels to recharge
the batteries.
The models of the components try to describe the internal processes that take place in
them, so they are modelled in detail. More specifically, a complete internal combustion
engine is developed considering the following submodels: Air intake model, Fuel injection
model, Air-fuel mixture model, Combustion model, Vehicle dynamics model, Exhaust Gas
Recirculation (EGR) model and Vapour Canister Purge (VCP) model. The model of the
batteries gives information on the state of charge (SOC) at any time and calculates the
changes in stored energy as a result of: charge and discharge cycles, self-discharge and
variations in temperature. Finally, control strategies are proposed.
The model can be used with two main purposes:



During the design phase, it can be used for components selection according to the
initial specifications.
It can also be used to evaluate the vehicle performance under different operating
conditions.

Chapter 6 - Spacecraft regardless of size, type and purpose, usually contains a number of
moving mechanical systems (MMS). Continual performance of these systems only can
guarantee the intended functions that are essential for successful operation of the spacecraft.
Most of the problems encountered with these moving systems are pertain to tribology. Space
tribology is a subset of the lubrication field dealing with the reliable performance of satellites
and spacecraft including the space station. Lubrication of space system is still a challenging
task before the tribologists due to the unique factors encountered in space such as near zero
gravity, hard vacuum, weight restriction and attention free operation. Ever since the space
exploration, a number of mission failures reported emanate from bearing system malfunction.
A bearing in a moving mechanical assembly can fail due to multiple reasons such as
degradation of lubricant, loss of lubricant from the working zone by surface migration and
evaporation, and retainer instability. Unlike yester years, space missions of today are planned
to last for 30 years or more. To achieve such long-term missions, tribologically efficient
moving mechanical systems are essential.
This chapter briefs space tribology, tribological requirements of spacecraft moving
mechanical systems and various lubricant supply systems designed for high speed MMS.
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Chapter 1

INTRODUCTION TO EXPERIMENTAL DESIGNS:
STRONG MATHEMATICAL TOOLS TO SCREEN,
MODEL AND CONTROL VARIABILITY
IN LABORATORY SYSTEMS
Nabil Semmar1,2, and Asma Hammami Semmar3
1

Plateau BioMeT, Medical School of Marseilles, Marseille, France
2
Université Tunis El Manar, Tunis, Tunisia
3
Institut National des Sciences Appliquées et de Technologies (INSAT), Tunisia

ABSTRACT
Laboratory experiments need to be organized and applied by ways helping (i) to
control studied system variability, and (ii) to reach some desired system characteristics by
(iii) determining their favoring experimental conditions. These different objectives can be
reliably reached by applying appropriate experiment designs (EDs). Statistically, EDs
consist of matrices giving well defined numbers (n) of experimental points characterized
by some strategic coordinates of k control factors. The type of factors influences directly
the choose of appropriate ED. Strategic coordinates of the n points result in
complementarity between points leading to cover a whole experimental field that is well
characterized under geometric and numeric aspects. Geometric and numeric
characteristics of EDs are fundamental to experiment control, modeling and optimization.
ED Geometries are well structured spaces (with well-shaped hulls) covering the whole
studied field and defining its reachability (validation) limits. Numerically, an
experimental design can be characterized and compared to other EDs by means of
experiment matrix. From experiment matrix, several calculations can be carried out to (i)
extract more properties of experimental system a priori (before laboratory experiments),
and to (ii) mathematically model a system response in relation to control factors a
posteriori (after laboratory experiments). Beyond the development of predictive response
models, EDs can be applied to analyze different variation-trajectories leading to different
desired values of a studied response. These trajectories can be visualized by means of iso
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response curves given by mathematical models of measured response in relation to the
factors taken into account by the experiment matrix. The diversity of EDs makes possible
to use different appropriate experiment matrices in relation to (i) the type of studied
system and (ii) study aim. Study aims can be classified into three complementary ways
consisting in screening, modeling and optimizing a system response in relation to some
considered factors. Thus, EDs provide strong tools to sequential system analysis. Also,
ED diversity covers different approaches to more or less precise system analyses by (i)
considering different factor types (e.g. independent or dependent, variable or fixed,
continuous or discrete), and by (ii) bringing solutions to different constraints including
management of high factor number, reduction of high experiment costs and consideration
of filed reachability conditions. This chapter illustrates the geometric and numeric
principles as well as the applications of several EDs including factorial, fractional,
composite, Box-Behnken, Doehlert and Scheffé’s simplex designs.

I. INTRODUCTION
Experimental designs are applied to collect reliable information on behavior and
performance of a studied system with reduced costs and by controllable ways (Mead, 1988;
Montgomery, 1984; Morgan, 1995). Controllability is due to strategic and complementary
experiments which are spatially organized to cover a whole field in which the system can be
surveyed. The strategic locations of applied experiments combined with their limited number
lead to high ratio of acquired information compared to invested cost.
An experimental design (ED) can be undertaken as black box which links some input to
output components (Figure 1): the input components are factors susceptible to influence
behaviors and performances of the studied system. Such behaviors and performances
represent the output of the black box and consist of quantitative or qualitative responses of
system. Finally, the black box (the experimental design) can be represented by a
multifactorial space delimited by maximal and minimal levels of all the studied factors, and
from which the system response(s) can be analyzed.

Figure 1. Conceptual representation of experimental design consisting of a black box the variability of
which links output system response to influent input factors.
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(a)
(min, max)

(max, max)

(min, min)

(max, min)

(c)

(d)

Figure 2. Geometric bases of different experimental designs with two (a, c) or three (b, d) dimensions
(factors). (a, b): Factorial design based on cubic geometry; (c, d): Simplex design based on equilateral
triangle geometry.

In EDs, the variations of factor levels are used as stimuli and governance parameters to
analyse system behaviors leading to desired performance states. Conclusions on system
behavior and performance are extracted from variability analysis of the output responses in
relation to the input factor levels. Beyond experimental results, EDs make possible to deduce
(predict) system response(s) for non-applied levels of input factors. This is possible because
the experiments of ED are well spatially organized into well-defined geometries; in such
geometric spaces, interpolations can be applied to extract further information on the studied
system.
EDs can be classified according to different geometric space and extended to different
dimensions. ED geometry represents a basic shape defined by the locations (coordinates) of
its extreme experiments (Figure 2, 4) (Fisher, 1935; Goupy, 1993; Goupy, 1995; Mead,
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1988): for example, factorial designs are based on a cubic geometry the shape of which is
simply defined by the different vertices (extreme experiments) of the field (Figure 2a, 2b)
(Sundberg, 1994; Lenth, 1989; Daniel, 1959; Mee, 2009). By analogous way, Doehlert
designs are built by hexagons’ juxtapositions (Doehlert, 1970, Doehlert and Klee, 1972), and
mixture or simplex designs are based on equilateral triangle geometry (Figure 2c, 2d) (Cornell
and Deng, 1982. Cornell, 1990a, 1990b; McLean and Anderson, 1966).
For a given ED type, the dimensionality is closely linked to the number of studied
factors. These factors are selected a priori because they are considered to have influence on
studied response (Figure 2). For example, in factorial design, studies based on two, three and
four (or more) factors imply a set of experiments which will be organized within square, cube
and hypercube, respectively (Figure 2a, 2b). Also, in simplex or mixture design, two-, threeand four factors vary within a segment, equilateral triangle and tetrahedron, respectively
(Figure 2c, 2d).
System analysis by ED requires three steps: (a) choose appropriate ED; (b) experimental
results analysis; (c) gradual acquisition of knowledge to a better system control:
(a) Choose of ED depends on (i) type of studied system and its characteristic factors on
the hand, and (ii) some cost and/or reachability constraints concerning the
experimental field on the other hand (Silvey, 1980). Factorial designs (FDs) are
applied on independent (orthogonal) factors which can be quantitative or qualitative
(Sundberg, 1994)(Figure 5). They include full and fractional FDs; these two FDs are
used to model and screen system responses, respectively. Full factorial design (FFD)
requires more experiments than fractional factorial design (FrFD); in some cases, the
great number required by some FFDs make difficult their application; therefore, the
total number of experiments can be preliminary reduced by using FrFDs (Figure 14).
Systems strictly depending on continue factors can be studied by Doehlert designs
(DD) (Figure 24). In mixture systems, the relative levels of factors depend the ones
on the others. In such cases, regulation processes governing different mixture states
can be studied by using simplex mixture designs (SMD) (Figure 29, 30). All these
EDs are classically used when there are no constraints in experimental field, i.e.
when any point of study field can be reached (Figure 3a). However, when some
constraints forbid some experimental states to be applied or reached, optimal designs
are built from a set of factors’ combinations which guarantee good statistical quality
and mathematical predictability of the studied system (Figure 3b) (Hotelling, 1944;
Box and Wilson, 1951; Mitchell, 1974; Plackett and Burman, 1946; Atkinson, 1996;
Fedorov, 1972; Silvey, 1980).
(b) After ED application, results can be statistically analyses by different ways including
ANOVA, multiple linear regression and/or response surfaces (§ VI) (Figure 17) (Box
and Draper, 1987; Drapper and Schmitt, 1981; Daniel, 1976; Jerrold, 1998). ANOVA
helps to quantify the significance degrees of separated or combined factors on
response(s). Multiple linear regression is applied to build mathematical model
helping to predict response in relation to variable factors. Response surface method is
efficient tool to locate optimal or desired response state in relation to studied factors
(Figure 17).
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Figure 3. Geometric illustrations of experimental designs without (a) and with (b) reachability
constraint.

(c) After statistical analyses of experimental results, the carried out experiments help to
direct the next ones to interesting area from which desired or more wished response
as well as its responsible factors can be precisely located.

II. DEFINITION AND INTEREST OF EXPERIMENTAL DESIGN
Experiment designs (EDs) are applied to organize a finite set of strategic experiments
from which a wide studied system can be entirely covered (Figure 4a). The set of
experimental points can be organized into experiment matrix which provides a geometric
skeleton of the studied field. Under geometric aspect, the strategic experiments of ED
correspond to extreme or central points which can be represented by vertices or centres of a
well-defined field. For example, they can be vertices of square, circle, triangle, etc., between
which intermediate states of the studied system can be represented by corresponding points.
Geometric bases of EDs guarantee reliable information on the system backbone.
Moreover, statistical analyses on the results given by a first ED help to identify interesting
experimental area. This leads to:




insist on (repeat) some experiments showing interesting response values,
reduce large experimental design to a more limited interesting field (Figure 4b).
extend the experimental design to complementary neighbor field (Figure 4d).

Such a sequential property offered by EDs is important to a targeted reduction of the
experimental error leading to improve results’ precision (Figure 4c). Finally, EDs are
advantageous to control (predict) system behaviors and performances by identifying different
variability sources and their effect degrees on system response.
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Figure 4. Definition of geometric concept of experimental design and illustration of its flexibility to
experimental error reduction and interesting response area identification.

Figure 5. Illustration of continuous quantitative factors (measurable with decimal values) (a) and
qualitative factors (with exclusive modalities) (b).
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III. DIFFERENT COMPONENTS OF EXPERIMENTAL DESIGN
III.1. Factors and Responses
In ED, factors represent input variables the variations of which have more or less
significant effects on studied system response. These variables can be quantitative
(continuous) or qualitative (Figure 5). Continuous factors have measurable levels, i.e. their
experimental values can be decimal (Figure 5a). For instance, time, temperature, speed, pH,
etc. are continuous factors. Qualitative factors have no numeric experimental values, but they
are characterized by different modalities (Figure 5b). For instance, day-night (luminosity),
sex, solvent type, treatment mode, etc. are qualitative factors; the sex has two modalities,
whereas treatment mode can have several ones.
In ED, the different levels of variable factors are stored in experiment matrix (Figure 6 a).
The experiment matrix contains standardized levels xij that can be converted into
experimental value Aij using the relationship (Figure 6b):

Aij  A0 j  xij  stp j

(1)

where:
A0j: the average or central value of factor Fj.
xij: the standardized value of factor Fj in experiment i.
stpj: the variation step of factor Fj.
Geometrically, extreme experiments define the vertices of a symmetric field whereas
intermediate experiments correspond to central or median location points (Figure 6c, 6e; 4d).
Apart from quantitative-qualitative types, factors can be classified according to their
controllability and significance: factors are taken into account in ED because of their
significant effects on a studied response. In this case, ED provides a controllability of factor
levels helping to model their effects on system response. In addition to the variable factors
through the experiment matrix, other factors can be fixed to constant levels during ED
application (Figure 6d). The fixation of factors to some levels must be carried out carefully to
guarantee homogeneous outside conditions at the scale of the whole experiment design. Such
factors are generally fixed because (i) they have less significant effect on the response, (ii)
they are more difficult to be measured, or (iii) their introduction in ED increase markedly the
number of experimental points.
When factors need to be fixed, their constant levels must be homogeneous at the scale of
ED. For example, in ecology, climatic conditions can be undertaken as fixed factor by
applying all the experiments in a same site and same time. In laboratory, a classic fixed
controlled factors consists of experimenter: a same experimenter has to apply a whole
experimental design to insure homogeneous manipulation conditions and eventual systematic
error that will not biased the set of results. Beyond the homogeneity conditions, the notstudied factors can be fixed at levels which are economically advantageous and/or interesting
for result interpretations.
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Factors
Average

(A 0j )

Variation step (stp j )

F1

F2

F3

10

2

5

2

0,5

0

Aij  A0 j  xij  stp j

(a)

Experiment matrix
Factors

F1

Experiment
i
1
2
3
4
5

xij 
F2

Standardized levels
X1
X2
-1
-1
+1
-1
-1
+1
+1
+1
0
0

(b)

Experimentation matrix

Aij  A0 j
stp j

Factors

F1

F2

Experiment Experimentation values
i
A1
A2
1
8
1.5
2
12
1.5
3
8
2.5
4
12
2.5
5
10
2.0

(c)
(-1,1)

(8, 2.5)

(1,1)

(12, 2.5)

Experimental values
(10,2)

A2

(0,0)

(-1,-1)

(1,-1)

Standardized levels

(8, 1.5)

(12, 1.5)

A1

(d)
Factor F3 fixed to standardized center level X3=0 which corresponding to average experimental value A 03 = 5

(e)
i
1
2
3
4
5
6
7
8
9

X1
-1
+1
-1
+1
-1
+1
-1
+1
0

X2
-1
-1
+1
+1
-1
-1
+1
+1
0

X3
-1
-1
-1
-1
+1
+1
+1
+1
0

(-1, +1, +1)

X2

X1
(+1, +1, +1)

(-1, -1, +1)

(+1, -1, +1)
X3

(-1, +1, -1)

X3

(+1, +1, -1)
(-1, -1, -1)

X2
X1

(+1, -1, -1)

Figure 6. Conversion of a two factors-experiment matrix (a) to experimentation matrix (b) by
transforming standardized levels xij into experimental ones Aij using the average (A0j) and variation step
(stpj) of each factor. (c) Geometrical representation of experiment and experimentation matrices under
fixed level of a third factor F3 (d). (e) Experiment matrix with three factors and corresponding 3-D
geometric representation.

X
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Apart from controlled factors, the experimenter can’t guarantee that unknown factors
don’t influence response. Such factors are not controlled and are at the origin of experimental
error. To avoid that unknown factors will cause important random error in results, the
experimenter has to establish a priori exhaustive list of the factors which are susceptible to
influence the studied response. Therefore, these factors will be grouped into factors with
variable or fixed levels according to preliminary knowledge or rapid screenings (response vs
factor).
Experimental error can be calculated from the standard deviation (SD) of response Y
measured on same repeated experiment(s). Repetitions can concern the whole experiment
design or more often the central experiment corresponding to the average coordinates of all
the factors. If ED gives relatively high experimental error, this means that significant factor(s)
was (were) not considered in the initial exhaustive list; therefore further factor screenings are
needed before ED application.
After ED application, the n experiments give n response values yi (i=1 to n) that can be
grouped into two moieties (of n/2 points) corresponding to high (Xj=+1) and low (Xj=-1)
standardized levels of factor Fj. From these results different factor effects can be calculated.
The global effect Effg of factor Fj is given by:

Eff g 

2 n/2
2 n/2
y i ( X j  1)   y i ( X j  1)

n i
n i

Eff g  y ( X j  1)  y ( X j  1)

(2)

The average effect Effav of factor Fj under fixed levels of the other factors is given by:

Eff av 

y ( X j  1)  y ( X j  1)
2

(3)

where:
y(Xj=+1) and y(Xj=-1) are the observed response values under standardized levels +1 and
-1 of considered factor Fj, respectively.
Beyond separated factors, ED application provides efficient methodology to analyze
interactions between factors on the studied response. Interaction between two factors
represents a multiplicative effect resulting in synergy or anthagonism effects that can’t be
observed with a simple addition between separated factors. Examples of interactions are
numerous in biology and chemistry, e.g. the product of substrate-enzyme interaction, effect of
a catalyst on a reaction kinetics, etc.
Interaction exists if the effect of factor F1 depends on the level of factor F2, and vice
versa; such interaction (F1.F2) is called of first-order. By considering simultaneously three
factors F1, F2, F3, second-order interaction (F1.F2.F3) can be significant if the first-order
interaction between two factors depends on the levels of the third one. From a basic
experiment matrix, the different expected interactions between factors can be represented into
action matrix (n rows  n columns) (Figure 7a). With a full factorial design containing three
factors, one can expect eight effects:
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Three single effects of three separated factors (F1, F2, F3).
Three first-order interactions between factors taken two-by-two (F1.F2, F1.F3,
F2.F3).
One second-order interaction F1.F2.F3
One global average effect representing the average response, i.e. the part of results
independent from the effects of studied factors.




From the experiment matrix, the different order interactions can be calculated by
multiplying the standardized levels of concerned factors (Figure 7a). For example, in the first
experiment (i=1), the first-order interaction (F1.F2) is positive (=+1) because it results from
the product between X1=-1 and X2=-1.
(a)

Experiment matrix
Standardized levels
X1, X2, X3 of
factors F1, F2, F3

i
1
2
3
4
5
6
7
8

P
R
O
F
I
L
E
S

X1
-1
+1
-1
+1
-1
+1
-1
+1

X2
-1
-1
+1
+1
-1
-1
+1
+1

Action matrix

Global
2 nd order average
Single factor effects First-order interactions interaction effect

j

X3
-1
-1
-1
-1
+1
+1
+1
+1

i
1
2
3
4
5
6
7
8

X1
-1
+1
-1
+1
-1
+1
-1
+1

X2
-1
-1
+1
+1
-1
-1
+1
+1

X3
-1
-1
-1
-1
+1
+1
+1
+1

X1.X2 X1.X3 X2.X3 X1.X2.X3
+1
+1
+1
-1
-1
-1
+1
+1
-1
+1
-1
+1
+1
-1
-1
-1
+1
-1
-1
+1
-1
+1
-1
-1
-1
-1
+1
-1
+1
+1
+1
+1

Xav
+1
+1
+1
+1
+1
+1
+1
+1

(b)
Response
vector Y
i
1
2
3
4
5
6
7
8

Y (kg)
52
69
53
69
64
70
63
71

Effects of different actions on response Y
X1.Y
-52
69
-53
69
-64
70
-63
71

X2.Y
-52
-69
53
69
-64
-70
63
71

X3.Y (X1.X2).Y (X1.X3).Y (X2.X3).Y (X1.X2.X3).Y
-52
52
52
52
-52
-69
-69
-69
69
69
-53
-53
53
-53
53
-69
69
-69
-69
-69
64
64
-64
-64
64
70
-70
70
-70
-70
63
-63
-63
63
-63
71
71
71
71
71

Sum
47
1
25
Average effects
(Sum/8)
5.875 0.125 3.125

Xav .Y
52
69
53
69
64
70
63
71

1

-19

-1

3

511

0.125

-2.375

-0.125

0.375

63.875

For instance, the average effect of single action X1 is:

1
 1  52  1  69  ( 1)  53  1  69  ( 1)  64  1  70  ( 1)  63  1  71  5.875
8

Figure 7. (a) Calculation of action matrix from experiment matrix. (b) Calculations of effects
influencing a response variable Y and consisting of single factors, interactions and average.
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From the action matrix and a response vector Y, simple calculations can be carried out to
quantify the effect trend of different actions (single factors, interactions, average) (Figure 7b).
The calculations show that the first order-interactions X1.X3 and X2.X3 have negative effects
(-2.375 and -0.125) on the response Y, whereas all the other actions influence positively the
variable Y.

III.2. Mathematical Modeling of Responses
At each point i of the experimental field corresponds a response Yi which is recorded
under corresponding experiment profile Xi. With the n experiment points, one obtains n
response values from which several computations can be carried out to better analyze
behaviors and trends of system response(s) (Figure 8):
Mathematical modeling can be carried out to predict response values in the experimental
field in relation to experiment profiles Xi. The most used models are (i) the first degree
polynomials and (ii) response surface models which are applied according to the experimental
design:
(i) First degree polynomials with interaction (FDPI) are generally applied with factorial
designs. In these models, only single factors Xj with degree 1 are considered. The FDPI
equation used to model response has the form (Figure 8):

Y  a0  a1 X 1  a2 X 2  a12 X 1 X 2

(4) With two factors

Y = a0 + a1X1 + a2X2 + a3X3 + a12X1X2 + a13X1X3 + a23X2X3 + a123X1X2X3
(5) With three factors
where:
X1, X2, X3: the three separated factors expressed in standardized levels (Figure 7a).
a0 : constant coefficient of FDPI
a1, a2, a3: algebraic coefficients quantifying effects of separated factors X1, X2, X3,
respectively.
a12, a13, a23: algebraic coefficients quantifying interaction effects of the pair wises
(X1, X2), (X1, X3) and (X2, X3), respectively.
a123: algebraic coefficient quantifying interaction effect of triplet (X1, X2, X3).
Computationally, FDPI coefficients can be calculated in a coefficient vector (aˆ ) by using
the matrix formula of multiple linear regression (Figure 8):
1
aˆ   X ' X  X ' Y

(6)

where:
X is the action matrix with n rows (n experiment profiles), and the columns of which
represent single factors, interactions and global average effect (Figure 7a).
Y is the vector response.
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Note that coefficient values can also be calculated by applying formula (Eq. 6) on the
action matrix in which standardized levels are replaced by experimental ones. When there are
several response vectors Y, each one will be subjected to a multiple linear regression (Eq. 6)
which will extract the most significant actions (single factors and interactions). Multiple
linear regression is based on the least square principle which gives coefficient vector â by
minimizing the sum of squared residuals between observed and predicted response (Figure 8):
Least squares principle:

(7)

minimum

Other calculation way of coefficient model will be presented in sections V.1.1-V.1.6.
Action matrix
X

Observed response vector Predicted response vector

X1
-1
1
-1
1

X2
-1
-1
1
1

X1.X2 Average
1
1
-1
1
-1
1
1
1

-1
-1
1
1

1
-1
-1
1

-1
1
-1
1

1
1
1
1

4
0
0
0

0
4
0
0

0
0
4
0

0
0
0
4

0,25
0
0
0

0
0,25
0
0

0
0
0,25
0

0
0
0
0,25

-0,25
-0,25
0,25
0,25

0,25
-0,25
-0,25
0,25

-0,25
0,25
-0,25
0,25

0,25
0,25
0,25
0,25

Yobs
20
15
10
12

Ypred
18.5
16.5
8.5
13.5

X.â

X'
X1
X2
X1.X2
Average
X'.X

(X'.X)-1

(X'.X)-1.X'

Least squares principle :  (yobs - ypred)² = min

Y observed

-0,75
(X'.X)-1.X.Y = â

-3,25
1,75
14,25

â = (X'.X)-1.X.Y

Regression coefficients vector â

Y = -0.75X1 - 3.25X2 + 1.75X1X2 +14.25

ypred

21
19
17
15
13
11
9
7
5

y1obs - y1pred
y3obs - y3pred

5

7

9

11

13

15

17

19

21

Y predicted

Figure 8. Illustration of coefficient vector calculation (â) in a first order model with interaction from
action matrix X and response vector Y using the matrix formula given by Eq. 6.

(ii) Surface-response models (SRM) are appropriate to 3D-visualization of response
variations by means of curvilinear surface. The mathematical equation of response-surface
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consists of second degree model with interaction (SDMI). In SDMI, each factor is considered
at first and second degrees:
Y = a0 + a1X1 + a2X2 + a12X1X2 + a11X1² + a22X2²

(8) ED with two factors

Y = a0 + a1X1 + a2X2 + a3X3 + a12X1X2 + a13X1X3 + a23X2X3 + a123X1X2X3 +
a11X1² + a22X2² + a33X3²
(9) ED with three factors
The model coefficients can be calculated by using Eq. 6.
Application of SDMI requires experiment designs different from factorial ones, viz.
composite, Box-Behnken and Doehlert designs (§ VI) (Draper, 1985).
Apart from mathematical modeling, the n response values measured on the n experiment
points can be used as interpolation basis to determine response values in the whole
experimental field. Interpolations between measured response values provide a series of isoresponse (equal-response) curves the succession of which highlights gradient(s) or trajectory
(ies) leading to desired response state(s) (Figure 12).

IV. CLASSIFICATION OF EXPERIMENTAL DESIGNS
ED can be classified according to different criteria linked to the type of factors, aim of
study and system characteristics. Factors can be dependent or independent; system can
opened or closed, with whole or partial accessibility, with or without cost and/or time
constraints, etc. Systems analysis from EDs can be carried out under screening or modeling
aims helping to understand or control the effect of factors on a given system response
(Carlson, 1992).

IV.1. Classification of Experimental Design According to Factor Types
By reference to the type of factors, experimental designs can be classified into two
categories consisting of independent or dependent factors-based designs:
Independent factors are not linked the ones to the others. This results in the fact that each
single factor contributes to the response without to be influenced by other factors. In other
way, independence implies that level of a given factor doesn’t give information on levels of
other factors in a same experiment.
However, dependent factors have levels which are linked the ones to the others. Such
factors are constituents of mixture systems which are studied by applying mixture EDs.
Independence between factors implies the use of orthogonal designs (OD). In matrix
representation of ED, orthogonality can have strict or large meaning: in ED, two factors X1
and X2 are called strictly orthogonal if all the pair wises of levels (X1, X2) have the same
occurring number. The equilibrium between levels’ numbers of different factors can be
checked by incidence table (Figure 9a) (Dembowski, 1968; Street and Street, 1987; Mead,
1990).
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(a)

Experiment matrix

i
1
2
3
4
5
6

X1
0
0
1
1
2
2

Incidence matrix

X2
0
1
0
1
0
1

X1
0
1
2

0
1
1
1



3

Experimental levels (E)

(b)
X1

X2

0
1
2

0
1
1
1



3

=
=
=

X2

=
=
=


2
2
2

3

6

X1

X2

0
1
2

0
(2 x 3)/6 = 1
(2 x 3)/6 = 1
(2 x 3)/6 = 1


2
2
2

3

6

² = [(E - Th)²/Th]

Theoretical levels (Th)

1
1
1
1

1
1
1
1

1
(2 x 3)/6 = 1
(2 x 3)/6 = 1
(2 x 3)/6 = 1

0
0
0

0
0
0

Sum 
0
0
0

Sum  0

0

² = 0

(c)
Experiment matrix
i
1
2
3
4
5
6
7
8
9

F1
0
0
0
1
1
1
1
1
1

Incidence matrix
F2
0
1
0
1
1
0
0
1
1

X1
0
1

X2



0
1
2




3


3
6

6

9

(d)
Strict meaning orthogonal design

i
1
2
3
4
5
6
7
8
9

X1
0
0
0
1
1
1
2
2
2

X2
0
1
2
0
1
2
0
1
2

 ² =  [(E - Th)²/Th]

Theoretical levels (Th)
1
2
4

Level
compression

0
1

0
1
2

1
2
4

0
0

0
0

0
0

0

0

² = 0

Large meaning orthogonal design
i
1
2
3
4
5
6
7
8
9

X1
0
0
0
1
1
1
1
1
1

X2
0
1
2
0
1
2
0
1
2

Figure 9. Numerical examples illustrating orthogonal designs. (a) incidence matrix of strict-meaning
orthogonal design. (b) (c) Chi-2 distance calculations giving null ² values for strict (b) and large (c)
meaning orthogonal design. (d) Compression level operation transforming strict to large orthogonal
design.

Strict orthogonality can be identified by a null ² distance calculated between X1 and X2
from incidence table (Figure 9a, 9b).
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Apart from strict orthogonality, two factors X1 and X2 are orthogonal at large meaning if
their incidence table gives a null ² distance without constant occurring number for pair wises
of levels (F1i, F2i) (Figure 9c). The non constant factor level number can be a priori checked
by incidence table.
Orthogonality at large meaning can result from levels’ compression of a strictly
orthogonal design (Figure 9d).
Orthogonal designs are appropriate to ANOVA application leading to identify the most
significant factors or actions on a studied response. However, OD have some limits:




Sometimes, they require a great number of experiments.
Field reachability constraints make impossible the construction of OD by forbidding
some experiments to be applied.
Repetitions must be uniformly applied in the design to maintain orthogonal structure.

IV.2. Classification of Experimental Designs According to Study Aims
According to objectives and usefulness, experimental designs can be classified into
screening or modeling designs:
Screening designs are applied to identify the most influent factors on system response(s).
They include fractional factorial designs (FrFD) and full factorial designs (FFD) (Sundberg,
1994; Raktoe et al., 1981; Mee, 2009). FFD are also applied to response modeling because
they imply more experimental points than FrFD. However, FrFD are more appropriate to
factor effect screening in the case where the number of factors is elevated. FFD and FrFD
were applied in different physic fields including electronic, automatic and electrotechnic. In
electronic, FFD was applied to identify, screen and control the parameters affecting the
stencil printing process (Gopalakrishnan and Srihari, 1999). FrFD was applied to screen out
the significant factors as well as their interactions on the response of copper deposition rate of
a PTH process (Shew and Kwong, 2002).
Modeling designs are used to establish predictive mathematical models of system
response Y in relation to different factors. Response modeling can be initially developed on
the basis of FFD the results of which can be extended or improved by applying more
appropriate modeling designs, called response surface designs. This design category includes
composite, Box-Behnken, Doehlert and D-optimal designs which use second degree models
to predict response Y in relation to considered factors Xj. Applications of these EDs in physic
are numerous among which some examples can be cited: in electronic, composite design was
applied to investigate and optimize PTH process behavior (Shew and Kwong, 2002). In
automatic, optimal designs are classically applied to obtain precise parameter estimation in
dynamical systems; also optimal designs allow introduction of designed perturbations in
adaptive control (Pronzato, 2008). In electrotechnic, Doehlert design was used to optimize
response time and power of electrical vehicle leading to determine control strategy of the
system (Jaber et al., 2011). In materials sciences, Box Behnken was applied to optimize laser
welding process giving good weld bead geometry (Balasubramanian et al., 2008).
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IV.3. Classification of Experimental Designs According
to Analyzed System Characteristics
Among analyzed systems, a particular attention needs to be taken to distinguish mixture
systems from other systems. Mixture systems are characterized by not independent factors,
and are analyzed by using mixture designs (Scheffé, 1958, 1963; Cornell, 1990). These
designs give proportions of system components (factors) which vary the ones in relation to (at
the expense of) the others. This dependence relationship between factor levels (proportions)
results in a simplex geometry characterizing the variation space of mixture system.
In simplex space, the variations of different proportions are analyzed to identify
regulation ways of factors influencing system response Y.
Apart from the dilutive properties of mixture design components, other systems are
characterized by cost or reachability constraints which require that custom designs are
personalized. Among the key questions implying custom design building, one consists of:
what is the minimal number of experiments allowing the achievement of desired response or
precise information on system?
Custom designs are built by considering optimality criteria (Silvey, 1980; Wolters and
Kateman, 1990). These include D-, A- and G-optimality criteria which are used to compare
different designs; retained design is that giving the closest calculations to the norm of
considered criterion.

IV.3.1. D-optimal Designs
Among different compared custom designs, the D-optimal design is that giving the
highest determinant of the square experiment matrix X’X:

Det(X’X) = max

(10)

Higher is Det(X’X) lower will be the element values of (X’X)-1. This condition favors the
minimization of global variance of all the coefficients of experimental design model.
For example, let’s consider the two following designs D1, D2 with three factors and four
experiment points:

With D1, Det(X’X)=64, whereas D2 gives Det(X’X)=256. According to the D-optimality
criterion, D2 is better than D1 to estimate more precisely the coefficients of different factor
effects.

IV.3.2. A-optimal Designs
A-optimal design can be identified by minimal trace of the inverse square matrix X’X:
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Trace(X’X)-1 = min.

(11)

The trace of a matrix is the sum of its diagonal elements. This criterion guarantees a
priori the minimization of the sum of variances of all the model coefficients.

IV.3.3. G-optimal Designs
An experimental design is considered as G-optimal if its inverse square matrix (X’X)-1
has its highest diagonal value inferior to the highest diagonal values of other (X’X)-1
associated to other designs. This diagonal criterion favors balanced estimation errors of the
different model coefficients.

V. FACTORIAL DESIGNS
In factorial design, each factor Xj has two levels corresponding to minimum and
maximum. These two levels define two limits of one component (dimension) of the whole
experimental design. Consequently, the conclusions extracted from next experimentations
will be valid only between these limits, i.e. within the field defined by minima and maxima of
all the factors. Extrapolations of results require a priori extension of factor levels to lower and
higher limits.

V.1. Full Factorial Designs
Full factorial designs (FFD) represent a family of simple designs based on combinations
of k factors, each one having two standardized levels which are coded -1 and +1 (Sundberg,
1994; Raktoe et al., 1981; Mee, 2009). Consequently, the total number of experiments (n)
depends strictly on the number of factors and is equal to 2k (Figure 10a, 6). Thus, with k=2, 3,
4, etc., FFD expects the planning of n=2k=4, 8, 16, etc. experiments, respectively. The 2k
experiments are geometrically organized as vertices of cubic fields (Figure 10b, 10c).
Standardized levels xij (experiment i, factor j) can be converted into experimental values Aij
by using the formula (1) requiring the definition of average (A0j) and variation step (stp j) for
each factor j (Figure 10c).
max

In another way, by knowing the maximal ( A j

min

) and minimal ( A j

) experimental

values of a factor, its average value (A0j) and variation step (stpj) can be calculated from the
relationships 12a and 12b:

A0 j 

stp j 

A max
 A min
j
j
2

(12a)

A max
 A min
j
j
2

(12b)
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Experiment fields
A2
30

(b)

3

Xj 

4

+1

stp j

20

3

+1

4

1

A j  A0 j  X j  stp j

2

A1
60

100

values Aj
A1
60
140
60
140

Average A0j

100

20

Step stpj

40

10

Level transformation

Response analysis

(c)
Graphical analysis of response in relation to factors' variations
A2

0  20
-1  10

9

Y4=12
10

Y1=8

11
Y2=11

0

100

4

X3
5
1

2

-1

+1

6

0

+1

+1

-1
X1

3

4

n = 2k i

X1

X2

X3

X4

1

-1

-1

-1

-1

1
-1
1
-1
1
-1
1
-1
1
-1
1
-1
1
-1
1

-1
1
1
-1
-1
1
1
-1
-1
1
1
-1
-1
1
1

-1
-1
-1
1
1
1
1
-1
-1
-1
-1
1
1
1
1

-1
-1
-1
-1
-1
-1
-1
1
1
1
1
1
1
1
1

2
3
n=4 4
5
6
7
n=8 8
9
10
11
12
13
14
15
n = 16 16

2

(a)

Experiment matrices of full factorial designs 2k

A1

-1

60

0

X1

-1

k

Factors
A1
A2

A2
10
10
30
30

Y3=10

2

8

Level parameters

A j  A0 j  X j  stp j

+1  30

1

-1

Experimental
i
1
2
3
4

-1

140

7
3

0

0

10

Response
Y
8
11
10
12

X2

X2

A j  A0 j

+1

140

(d)

i
1
2
3
4

Mathematical Modeling of response Y in relation to factors F j expressed with:
Standardized levels :

Y  a0  a1 X 1  a2 X 2  a12 X 12

Experimental values :

Y  a0 'a1 ' A1  a2 ' A2  a12 ' A12

Standardized levels :

Y  a0  a1 X 1  a2 X 2  a3 X 3  a12 X 12 a13 X 1 X 3  a23 X 2 X 3
Experimental values :

Y  a0 'a1 ' A1  a2 ' A2  a3 ' A3  a12 ' A12 a13 ' A1 A3  a23 ' A2 A3

X1
-1
1
-1
1

X2 X1.X2 Av
-1 1
1
-1 -1 1
1
-1 1
1
1
1

Action matrix of 22 design

i
1
2
3
4
5
6
7
8

X1
-1
1
-1
1
-1
1
-1
1

X2
-1
-1
1
1
-1
-1
1
1

(e)

X3 X1.X2 X1.X3 X2.X3 Av
-1 1
1
1 1
-1 -1
-1
1 1
-1 -1
1
-1 1
-1 1
-1
-1 1
1
1
-1
-1 1
1
-1
1
-1 1
1
-1
-1
1 1
1
1
1
1 1

Action matrix of 23 design

Figure 10. General presentation of different parameters, transformations, graphical analysis and
computations used to study a response Y in relation to different factors Xj in full factorial designs 2k
(k=factors number).
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Centre point (with null standardized coordinates) is not included into the n points of FFD.
However, it is used to calculate the constant coefficient or intercept of the mathematical
model of FFD. Also, centre point can be repeateadly applied as reference point to evaluate
experimental error of FFD.
After application of the n experiments of FFD, n response values are obtained to be
mathematically modeled by using a first degree polynomial model with interaction (FDPI)
(Eqs. 4, 5) (Figure 10d). For a 22-FFD, the FDPI model has the form:

y = a0 + a1x1 + a2x2 + a12x1x2

(12c)

where a0 is constant coefficient, a1 and a2 are coefficients associated to single factors X1 and
X2, respectively, and a12 is interaction coefficient.
The 2k designs (FFD) are optimal designs according to Hadamard criterion (Hadamard,
1893; Seberry et al., 2005). Under this optimality criterion, the action matrix X satisfies to
equality (Figure 7a, 10e):

X' X  n I

(13)

where I is the identity matrix (n  n).
Under this criterion, minimal variance of response Y can be reached in n experiments if
the action matrix satisfies to Eq. 13. The n coefficients of FFD (single factor effects, different
interactions and global average effect) can be estimated with the minimal variance given by
Eq. 14 (Hotelling, 1944):

Var ( y )
n

(14)

The next sections (V.1.1 to V.1.4) will present how calculate these different coefficients
from action matrix X and response vector Y using Eq. 4 (Figure 10d, 10e). A simplistic
numerical example of 22 design will be presented in section V.1.5 to illustrate the different
calculations.

V.1.1. Determination and Signification of Constant Coefficient a0
The constant coefficient a0 can be determined by attributing null levels (=0) to all the
factors. We obtain:

y = a0 + a10 + a20 + a1200



y0 = a0

(15)

Eq. 15 shows that the coefficient a0 corresponds to the response y (=y0) at the centre of
experimental field. On the other hand, the value in the centre can be statistically calculated by
the average of the n experimental ones (y1 to yn) (eq. 16):
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n

y 0  a0 

y
i 1

i

n

(16)

V.1.2. Determination and Signification of First Factor Coefficient a1
Let’s consider the trying T2 and T4 with the standardized coordinates T2(+1, -1) and
T4(+1, +1). These two points correspond to the high level (+1) of factor X1. Using the FDPI
equation (Eq.4), the responses y2 and y4 of points T2 and T4, respectively, can be respectively
written:

y2 = a0 + a1(+1) + a2(–1) + a12(+1)(–1) = a0 + a1 – a2 – a12

(17)

y4 = a0 + a1(+1) + a2(+1) + a12(+1)(+1) = a0 + a1 + a2 + a12

(18)

Eqs. 17 and 18 give by addition and simplification:

y2 + y4 = 2(a0 + a1)
 2a1 = y2 + y4 – 2a0

(19)

By considering the two other experiment points T1 and T3 corresponding to the low level
(–1) of factor X1, one obtains:

y1 = a0 + a1(–1) + a2(–1) + a12(–1)(–1) = a0 – a1 – a2 + a12

(20)

y3 = a0 + a1(–1) + a2(+1) + a12(–1)(+1) = a0 – a1 + a2 – a12

(21)

By summing Eqs 20 and 21 and after simplification, one obtains:

y1 + y3 = 2a0 – 2a1
 2a1 = 2a0 – y1 – y3

(22)

Finally, the coefficient a1 can be determined by summing Eqs. 19 and 22 giving:

2a1 + 2a1 = (y2 + y4 – 2a0) + (2a0 – y1 – y3)

 4a1 = y2 + y4 – y1 – y3
 a1 

y 2  y 4  y 1  y3
4

(23)
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 a1 

 a1 

1  y 2  y 4 y1  y3 

2  2
2 
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(24)



1
y  X 1  1  y  X 1  1
2

(25)

The coefficient a1 can be described as the half of difference between the average

responses y X1  1 and y X1  1 , calculated from the responses yi (i=1 to 4)
obtained from levels +1 and -1 of factor X1 (Eqs. 24, 25). Higher the difference [ y X1  1

– y X1  1 ] higher the absolute value of a1 will be. In other words, the absolute value of
a1 gives the importance of the variation of factor X1 on the response Y. Positive or negative
coefficient a1 indicate positive or negative correlation between Y and X1, respectively.

V.1.3. Determination and Signification of Second Factor Coefficient a2
By considering the experiments T3(-1, +1) and T4(+1, +1) on the hand (level +1 for X2),
and T1(-1,-1) and T2(+1, -1) on the other hand (level -1 for X2), one can write:
For X2=+1:
y3 + y4 = [a0 + a1(–1) + a2(+1) + a12 (–1)(+1)] + [a0 + a1(+1) + a2(+1) + a12(+1)(+1)]
y3 + y4 = 2a0 + 2a2

2a2 = y3 + y4 – 2a0

(27)
For X2 = –1:
y1 + y2 = [a0 + a1(–1) + a2(–1) + a12(–1) (–1)] + [a0 + a1(+1)+a2(–1)+a12(+1) (–1)]
y1 + y2 = 2a0 – 2a2

2a2 = 2a0 – y1 – y2

(28)
By summing Eqs. 27 and 28, one determines the second factor coefficient a2:

4a2 = [y3 + y4 – 2a0] + [2a0 – y1 – y2]
a2 

a2 

y 3  y 4  y1  y 2
4

(29)

1  y3  y 4 y1  y 2 

2  2
2 

(30)
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 a2 





1
y  X 2  1  y  X 2  1
2

(31)

The coefficient a2 can be described as the half of difference between the average

responses y X 2  1 and y X 2  1 , calculated from the response values yi (i=1 to 4)
obtained from levels +1 and –1 of factor X2 (Eqs. 30, 31). Higher the difference between
average responses is, higher the absolute value of a2 will be. Thus, the coefficient a2
quantifies the effect of variation of factor X2 on the response Y.

V.1.4. Determination and Signification of Interaction Coefficient a12
Interaction coefficient quantifies mutual effects of two (or more) factors Xj on responses
yi associated to experiment Ti. By a same way, one can determine analytic expression of
coefficient a12 from the action matrix X and response vector Y, by considering separately the
interaction levels +1 and –1 between factors X1 and X2:
Positive interaction levels (+1) are obtained with the experiment points T1(–1, –1) and
T4(+1, +1). Negative interaction levels (–1) are obtained with the experiment points T2(+1, –
1) and T3(–1, +1). By separating positive and negative interactions, the FDPI equation (Eq. 4)
gives: positive interaction is obtained from product X1.X2 = +1 (points T1 and T4). We obtain
responses y1 and y4 equal to:

y1 = a0 + a1(–1) + a2(–1) + a12(–1) (–1) = a0 – a1 – a2 + a12
and

y4 = a0 + a1(+1) + a2(+1) + a12(+1) (+1) = a0 + a1 + a2 + a12
Then, (y1+y4) gives:

y1 + y4 = 2a0 + 2a12
 2a12 = y1 + y4 – 2a0
For X1.X2 = –1 (points T2 and T3):

y2 = a0 + a1(+1) + a2(–1) + a12(+1) (–1) = a0 + a1 – a2 – a12
and

y3 = a0 + a1(–1) + a2(+1) + a12(–1) (+1) = a0 – a1 + a2 – a12
Then, (y2+y3) gives:

(32)

Introduction to Experimental Designs

Figure 11. Calculations of interaction parts between factors X1 and X2 from the slopes between
response Y and each factor taken as variable when the other factor is fixed.
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y2 + y3 = 2a0 – 2a12
2a12 = 2a0 – y2 – y3

(33)

By summing Eqs 32 and 33, the interaction coefficient a12 can be determined as:

a12 

1
 y1  y 4  y 2  y3 
4

(34)

a12 

1  y1  y 4 y 2  y3 

2  2
2 

(35)

a12 





1
y  X 1 . X 2  1  y  X 1 . X 2  1
2

(36)

Eq. 36 shows that the absolute value of coefficient a12 increases when the difference
between the average responses of positive and negative interactions is higher. More
signification of interaction coefficient a12 can be extracted by handling Eq. 34 by another
way:

a12 

a12 

a12 

1
 y1  y 4  y 2  y3 
4

(34)

1  y 4  y3 y 2  y1 

2  2
2 

(37)





1
y X 2  1  X 1   y X 2  1  X 1 
2

(38)

y 4  y3
represents the slope of response Y in relation to
2
factor X1 when factor X2 is fixed to level +1 (Figure 11a). By the same way, the half
y  y1
difference 2
represents the slope of response y in relation to factor X1 when factor X2 is
2
fixed to level -1 (Figure 11 b). Consequently, the interaction coefficient a12 corresponds to the
half difference between the two slopes linking response y to X1 under fixed X2 to +1 and -1,
respectively (Eq. 38).
From Eq. 34, the interaction coefficient can be also expressed as difference between two
other slopes linking the response y to factor X2 when factor X1 is fixed to levels -1 and +1,
respectively (Figure 11c, 11d):
In Eq. 37, the half difference
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1  y 4  y 2 y3  y1 
(Eq. 39), the terms y 4  y 2 and y 3  y1

2
2
2  2
2 
correspond to the slopes of response Y in relation to X2 under fixed X1 at levels +1 and -1,
respectively.
By writing a12 

V.1.5. Calculation of FDPI Coefficients: Numeric Application on 22 Design
Using the measured values (yi) (y1, y2, y3, y4) of response Y given in numerical example of
figure 10, the coefficient a0, a1 and a12 can be calculated from Eqs. 16, 23, 29 and 34:
From Eq. 16, a 0 

y1  y 2  y 3  y 4 8  11  10  12

 10.25
4
4

From Eq. 23, a1 

y 2  y 4  y1  y 3 11  12  8  10

 1.25
4
4

From Eq. 29, a 2 

y 3  y 4  y1  y 2 10  12  8  11

 0.75
4
4

From Eq. 34, a12 

y1  y 4  y 2  y 3 8  12  11  10

 0.25
4
4

These results show that the variation of factor X1 has higher effect on response than X2.
The coefficient a12 is weakly negative (a12=-0.25) indicating that interaction between X1 and
X2 results in slowing down effect (antagonism) on the response (Figure 11).
Finally, the FDPI equation is:

Y = 10.25 + 1.25X1 + 0.75X2 – 0.25X1X2

(39)

Note that these coefficients can be also calculated from matrix formula given by Eq. 6. A
different numerical example was given in figure 8.

V.1.6. Transformation of FDPI Coefficients from Standardized to Experimental Forms
Equation 39 predicts the response y in relation to factor levels expressed in terms of
standardized values (Xj=-1, 0, +1). For a given experiment i and a factor Fj, standardized
levels (xij) and corresponding experimental values Aij are linked by the transformation
relationship (Figure 10):

xij 

Aij  A0 j
stp j

(40)

 Aij  A0 j  xij  stp j

(1)
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By replacing standardized levels xij by their expression depending on experimental values
Aij (Eq. 40), the FDPI equation can be transformed to express response y in relation to Aj:

 A  A01 
 A  A02 
 A  A01  A2  A02 
  a2  2
  a12  1


y  a0  a1  1
stp
stp
stp
stp
1
2
1
2







 A1  100 
 A  20 
 A  100  A2  20 
  0.75 2
  0.25 1


 40 
 10 
 40  10 

 y  10.25  1.25

 y  10.25 





1.25 A1 125 0.75 A2 15 0.25 A1 A2 5 A1 25 A2 500


 



40
40
10
10
400
400 400 400

(12.5  5) A1
(30  25) A2 0.25 A1 A2
 3.125  1.5 

400
400
400
7.5
5
0.25
y  6.875 
A1 
A2 
A1 A2
400
400
400

y  11.5 

 y  6.875  18.75  10

3

A1  12.5 10 3 A2  6.25 10 4 A1 A2

(41)

From the new coefficients, Eq. 41 highlights three positive effects consisting of separated
factors X1, X2 and their interactions on the response y. From the highest to lowest effects, we
have X1 effect (+18.7510-3) > X2 effect (12.510-3) > interaction effect (6.2510-4). The
interaction coefficient is positive but significantly lower than single factor effects. This is
compatible with more rapid increasing of the response y under the separated factors X1 and X2
than under their interactions.
Response predictions in relation to experimental values of X1 and X2 are valid under the
condition that such values are located in the studied field. For example, one could ask what
would be the response Y if X1 and X2 had experimental values A1=92 and A2=25, respectively?
These two values belong to the experimental field defined by the four pair wises: (60, 10),
(140, 10), (60, 30) and (140, 30) (Figure 10). Calculations based on Eq. 41 give:

y  6.875  18.75  10 3  92  12.5  10 3  25  6.25  10 4  92  25
y  6.875  1.725  0.3125  1.4375
y  10.35
This result can be also found from standardized levels using Eq. 39. To apply Eq. 39, the
standardized levels corresponding to A1=92 and A2=25 must be calculated:

To A1=92 correspond x1 

92  100
 0.2
40

(41)

Introduction to Experimental Designs
Response Y in (X1 vs X2) space (standardized levels space)

Filled area

Y

iso-response curves

Response Y in (A1 vs A2) space (experimental valuesspace)

Positive effects
of separated
factors on
response Y

Y

Response Y in (X1 vs X1.X2) space (standardized levels space)

Antagonism
between factors
on response Y

Y

Response Y in A1 vs A1.A2 space (experimental valuesA1, A2)

Y

More rapid
increase of
response Y
along A1.A2
axis but more
extended
along A1 axis

Figure 12. Iso-response curves (left) and filled area plots (right) showing the variation of response y
within experimental field defined by two factors expressed in standardized (X1, X2) or experimental
scales (A1, A2).
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To A2=25 correspond x 2 

25  20
 0. 5
10

Therefore Eq. 39 gives:

y  10.25  1.25  (0.2)  0.75  (0.5)  0.25  (0.2)  (0.5)
y  10.25  0.25  0.375  0.025
y  10.35
More generally, iso-response plot (equal-response plot) can be visualized to graphically
identify trajectories leading to desired Y values in relation to simultaneous variations of X1
and X2 (Figure 12).

V.2. Fractional Factorial Designs
Full factorial designs (FDD) allow good mathematical modeling of a response in relation
to studied factors, because they completly cover experiment field by considering all the
combinations between factors at different degrees. However, beyond a certain number of
factors (k), the total number of experiment n (=2k) increases rapidly, and this can represent a
constraint at time, material or careful application aspects.
To overcome such difficulties, fractional factorial designs (FrFD) were developed to
reduce the dimensionality of 2k FDD to 2k-h (h=1, 2, 3, etc.) (Bisgaard and Steinberg, 1997).
FrFD are factorial designs based on two standardized levels (-1 and +1) by factor, and used to
overcome the high number k of factors in FFD. Thus, for h=1, 2, 3, the FrFD size will
correspond to 1/2, 1/4 and 1/8 of that of FDD, respectively. This reduction implies grouping
of a certain number of coefficients of the FDPI model (2k) leading to a lower number (2k-h).
For that, similar effects between different columns of FFD need to be identified and treated to
simplify FFD into FrFD. This requires alias theory application as well as the use of some
basic hypotheses (§ V.2.1) (Davies and Hay, 1950; Georges et al., 1961; Dey and Mukerjee,
1999; Raktoe et al., 1981; Gunst and Mason, 2009). Columns’ simplification and model
coefficients’ reductions are obtained by Box calculations which are based on equivalence
relationship (§V.2.3).
FrFD provide strong methodology to screen response variation in relation to several
factors to identify the most influent ones. These simplifications have the advantage to provide
accessibility to analysis and understanding of great dimension systems, but they can’t replace
the final robust results of a FDD.

V.2.1. Definition of Alias
Alias (L), also called contrast or confusion, corresponds to algebraic sum of coefficients
giving a new "hybrid" coefficient. For example, if we have: L  a1  a23 , this means that
coefficients a1 and a23 were aliased (associated, contrasted) into alias L.
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In FrFD, these coefficients represent actions (columns) having similar standardized levels
(signs and values). This results in confusion of two actions under a single column leading to
the reduction of experiment design dimensionality. The number and type of such coefficients’
associations depend on the experimental points of FFD chosen to FrFD construction.

2k

:

16 responses

16 equations



if k=4

24 = 16 points



16 coefficients to
estimate

Mathematical model with 16 coefficients:

y  a 0  a1 x1  a 2 x 2  a3 x3  a 4 x 4  a12 x1 x 2  a13 x1 x3  a14 x1 x 4  a 23 x 2 x3  a 24 x 2 x 4  a34 x3 x 4 
 a123 x1 x 2 x3  a124 x1 x 2 x 4  a134 x1 x3 x 4  a 234 x 2 x3 x 4  a1234 x1 x 2 x3 x 4

Coefficients
a0

0-order

a123, a124, a134, a234

a1, a2, a3, a4

1st-order

a1234

a12, a13, a14, a23, a24, a34

2nd-order

Coefficient order
3rd-order

4th-order

Neglected
Hyp. 1

Considered (Hyp. 1)

Considered interaction coefficients

Low coefficients among the six ones

a12, a13, a14, a23, a24, a34

Kept
High coefficients among the six ones

U

Neglected Hyp. 2
Hyp. 3

Alias theory



Dimensionality reduction by expressing different
effects in relation to some retained factors

Figure 13. Illustration of three basic hypotheses (Hyp. 1, 2, 3) helping to simplify the FDPI of FFD
(2k=24) into a fractional model with a reduced number of coefficients.
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In alias theory, dimensionality reduction is fundamentally based on equivalence
relationship between single factor and interaction columns. Different equivalences are easily
determined by initially using alias generator tool (Eq. 42). Alias generator is a product
relationship between some columns (Xj) giving level +1 in different rows (Figure 14).
E  X

j

(42)

Column (E) having only +1 in all the rows corresponds to that of constant coefficient a0
(global average effect) (§ V.2.3).
This relationship needs to be checked for a part of the whole experimental design (FFD,
2 points). This part corresponds to the reduced size (2k-h points) of the FrFD which will be
used to system screening.
k

V.2.2. Basic Hypotheses to Build Fractional Factorial Design
To build a FrFD from a FDD (2k), five hypotheses are initially considered (Figure 13):
1. The 3-order (e.g. X1X2X3) and higher order interactions in FDD can be neglected in
FrFD (Hyp. 1).
2. If alias L (sum of coefficients) has a low value, its elementary (associated)
coefficients can be neglected (Hyp. 2).
3. If two alias Lj, Lj’ have high values, their interaction (LjLj’) can be high (Hyp. 3).
4. If two alias have low values, their interaction is supposed to be low (Hyp. 4).
5. Interaction between a high effect factor and a low effect factor is generally (but not
always) low (Hyp. 5).
By considering the example of 24 design presented in figure 13, 16 coefficients are
expected to be estimated to build the first degree polynomial model with interaction (FDPI) of
full factorial design (FFD). By applying the first hypothesis (Hyp. 1), the five coefficients
corresponding to 3- and 4- order interactions (a123, a124, a134, a234, a1234) can be a priori
neglected. Among the 11 remaining coefficients, six correspond to interaction coefficients
(a12, a13, a14, a23, a24, a34). According hypotheses 2 and 3 (Hyp. 2, 3), coefficients with low
and high values (among the six ones) are neglected and kept, respectively.
Complementary to these hypotheses, alias theory is applied to reduce factor number in
the experiment design. This leads to obtain a reduced-size homogeneous design in which
different factors and their interactions will be expressed in relation to some kept ones.

V.2.3. Application of Alias Theory and Equivalence Relationship
Using the alias theory, reduction of FFD into FrFD is based on equivalence relationships
making that some columns (factors, interactions) will be entirely expressed in relation to
others. Among equivalence relationships, the most fundamental is that so called alias
generator (Eq. 42). This relationship links the product of some particular columns to the unit
column E containing +1 (identity column-element).
By considering a 23-FFD, the action matrix has 8 rows (8 experimental points to carry
out) and 8 columns (8 coefficients to estimate) (Figure 14). The eights rows (i=1 to 8) can be

31

Introduction to Experimental Designs

separated into two halves (A: i=2, 3, 5, 8, and B: i=1, 4, 6, 7) in which the 3-order interaction
X1.X2.X3 is equivalent to unit column E (half A) or –E (half B). This fundamental partition is
associated to alias generator X1.X2.X3=E. Alternatively, several other partitions can be initially
chosen under the conditions that the two halves of considered column are associated to E and
–E, respectively.
From the 3-order interaction- based partition (giving X1.X2.X3 = E or –E), several
relationships between factors can be highlighted. In half A, we have X1 = X2.X3, X2 = X1.X3
and X3 = X1.X2 (Figure 14). In half B, we have X1= – (X2.X3), X2= – (X1.X3) and X3= – (X1.X2).
All these relationships can be generated from the alias generator relationship:
In half A where alias generator is E = X1.X2.X3, we can write:

E=X1.X2.X3 
E=X1.X2.X3 

X1.E= X1.X1.X2.X3
X2.E= X1.X2.X2.X3




X1.E=E.X2.X3 
X2.E=E.X1.X3 

E=X1.X2.X3 

X3.E= X1.X2.X3.X3



X3.E=E.X1.X2 

X1=X2.X3
X2=X1.X3
X3=X1.X2

True
True
True

In half B where alias generator is E= – (X1.X2.X3), we can write:

E= – (X1.X2.X3)  X1.E= – (X1.X1.X2.X3)  X1.E= –E.X2.X3  X1= – (X2.X3)
E= – (X1.X2.X3)  X2.E= – (X1.X2.X2.X3)  X2.E= –E.X1.X3  X2= – (X1.X3)

True
True

E= – (X1.X2.X3)  X3.E= – (X1.X2.X3.X3)  X3.E= –E.X1.X2  X3= – (X1.X2)

True

These relationships can be used to describe each factor by the interaction between two
other factors. For instance, the interaction X1.X2 has same (in half A) or opposite (in half B)
signs than X3. Therefore, the column X1.X2 can be used to analyze column X3 which can be
considered as supplementary factor. Such simplifications make possible to reduce the initial
column number from 8 (in FDD) to 4 (in FrFD).
By considering the alias theory, model coefficients (aj) of linked columns will be aliased
into a contrast or alias (Lj) consisting of the sum of concerned coefficients (Figure 14). Thus,
fourth equivalence relationships can be obtained for each FDD-half.
For half A, we have:

E0=X1.X2.X3
X1=X2.X3

X2=X1.X3
X3=X1.X2




L0=L123=a0+a123
L1=L23=a1+a23



L2=L13=a2+a13



L3=L12=a3+a12

For half B, we have:

E0= –(X1.X2.X3)
X1= –(X2.X3)




L0= –L123=a0–a123
L1= –L23=a1–a23

X2= –(X1.X3)
X3= –(X1.X2)




L2= –L13=a2–a13
L3= –L12=a3–a12
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Action matrix
i
1
2
3
4
5
6
7
8

X1
-1
+1
-1
+1
-1
+1
-1
+1

X2
-1
-1
+1
+1
-1
-1
+1
+1

X3
-1
-1
-1
-1
+1
+1
+1
+1

X1.X2 X1.X3 X2.X3 X1.X2.X3
+1
+1
+1
-1
-1
-1
+1
+1
-1
+1
-1
+1
+1
-1
-1
-1
+1
-1
-1
+1
-1
+1
-1
-1
-1
-1
+1
-1
+1
+1
+1
+1

E
+1
+1
+1
+1
+1
+1
+1
+1

(a)

(c)

(b)
Organized action matrix
i
5
2
3
8
1
6
7
4

Half
A

Half
B

Model
coefficients

X1
-1
+1
-1
+1
-1
+1
-1
+1

X2
-1
-1
+1
+1
-1
-1
+1
+1

X3
+1
-1
-1
+1
-1
+1
+1
-1

X1.X2 X1.X3 X2.X3 X1.X2.X3
+1
-1
-1
+1
-1
-1
+1
+1
-1
+1
-1
+1
+1
+1
+1
+1
+1
+1
+1
-1
-1
+1
-1
-1
-1
-1
+1
-1
+1
-1
-1
-1

a1

a2

a3

a12

a13

a23

a123

E
+1
+1
+1
+1
+1
+1
+1
+1

Half
A

in
Half
A

Corresponding alias

X1  X2.X3

L1=L23=a1+a23

X2  X1.X3

L2=L13=a2+a13

X3  X1.X2

L3=L12=a3+a12

E  X1.X2.X3

L0=L123=a0+a123

X1  X2.X3

X2
-1
-1
+1
+1

X2  X1.X3

X2.X3
-1
+1
-1
+1

X1.X3
-1
-1
+1
+1

a0

Full Y = a0 + a1X1 + a2X2 + a3X3 + a12X1.X2 + a13X1.X3 + a23X2.X3 + a123X1.X2.X3
model
Equivalence relationships

X1
-1
+1
-1
+1

Factor X1 can be
confounded with
inteaction between X2
and X3

X3  X1.X2

X3
+1
-1
-1
+1

X1.X2
+1
-1
-1
+1

X1.X2.X3  E

ALIAS GENERATOR

X1.X2.X3
+1
+1
+1
+1

E
+1
+1
+1
+1

Reduced
model Y = (a0 + a123) + (a1+ a23)X1 + (a2+ a13)X2 + (a12+ a3)X1.X2
Y = L0 + L1X1 + L2X2 + L3X1.X2

(4 coefficients to estimate, i.e. 4 alias)

(d)

Figure 14. Illustration of different equivalence relationships checked between single factors and
interactions in one half (23-1) of FDD (23).

V.2.4. Construction of a Fractional Design from a Full Factorial Design
After presentation of alias theory to identify equivalence between different factors and
interactions of FDD, we can summarize the construction of a fractional factorial design
(FrFD) into four steps (Figure 14):
1) From a FDD (2k), write the action matrix X containing 2k rows and 2k columns
(Figure 14a).
2) Among the 2k columns, choose an interaction column from which 2k-1 (=2k/2)
experiment points having a same sign (+ or -) are kept to FrFD construction
(Figure 14b). At this step, row number was reduced by moiety (2k 2k-1), but
this is not yet the case for column number (2k).
3) Use the relationship E=Xj (if sign + were kept) or E=-Xj (if sign – were kept)
to gradually generate alias: all the alias can be found by multiplying the alias
generator by separated single factors. The resulting equivalence relationships
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highlight that a single factor can be expressed in relation to interaction between
the other ones (Figure 14c). At this step, the number of model coefficients can be
reduced to moiety, i.e. from 2k to 2k-1 (Figure 14d).
4) Finally the response variation can be analyzed in relation to 2k-1 coefficients (k-1
factors) by applying 2k-1 experiment points. The effect of the kth (supplementary)
factor can be deduced from the different estimated alias. The model can be
further simplified by applying the five hypotheses; e.g. if an estimated alias has a
low value, its elementary coefficients can be neglected (Hyp 2).
Interpretation of alias values must be carried out meticulously to deduce the parts or role
of initial factors on the response variations.

VI. RESPONSE SURFACE DESIGNS
Factorial designs (FD) are characterized by factors with two standardized levels (-1, +1)
leading to cubic organization of the n points of design (Figure 2a, 2b). FD are sufficient to a
general screening or modeling of the variations of a response using a first degree polynomial
with interaction (FDPI).
More precise modeling of the response Y requires experimental designs with more than
two factors. Such conditions are provided by designs in which the set of points are organized
within spherical geometry rather than cubic one. These designs have more than two levels by
factors and include (i) composite, (ii) Box-Behnken and (iii) Doehlert designs.
The factor level number (>2) and subsequent spherical geometry of experimental field are
advantageous to better data smoothing and modeling. In these conditions, modeling is carried
out by using polynomials with second degree coefficients. From such models, response
variations can be visualized by a surface in a 3-dimension plot (response Y vs factor Fj vs
factor Fj’) (Khuri and Cornell, 1996; Cheng and Wu, 2001; Gilmour, 2006).
With two factors, the second degree model has the form:

y  a0  a1 x1  a2 x2  a12 x1 x2  a11 x1  a22 x2
2

2

(43)

With three factors, the second degree model has the form:

y  a0  a1 x1  a2 x2  a3 x3  a12 x1 x2  a13 x1 x3  a23 x2 x3  a11 x1  a22 x2  a33 x3
2

2

2

(44)

VI.1. Composite Design
VI.1.1. Geometric Presentation
Composite design (CD) is an improved experimental design covering a star field which is
built from three structural parts (Figure 15a) (SAS, 2009; Draper, 1985; Box and Draper,
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1987; Chen et al., 1997; Myers and Montgomery, 1995; Elmerzouki et al., 2008; Lewis et al.,
1998):
1) A FFD or FrFD the points F of which represent the backbone of CD.
2) Centre point(s) (C) used to check the FDPI usefulness: FDPI can be revealed to be
not sufficient if the average response y calculated on all the experimental values is
different from the calculated response at centre point. In such a case, a second degree
model is applied to improve response predictability.
3) Star points (S) allowing application of the second degree model.
Factor X2

(a)

(0, +s)

S
F

(-1, +1)

F

(+1, +1)
+1

s

Factor X1

C

S

(0, 0)

S

F

(b)

X2

(-s, 0)

-1

(+s, 0)

-1

(-1, -1)

F

X1
+1

(+1, -1)

S

(-s, 0)
s

(c)
(
c)

Figure 15. Geometric illustrations of composite design (CD) centered on nC centre points (C) around
which nF (=2k) factorial points (F) are placed and completed by nS (=2k) star-points (S). (a) points’
locations and types; (b) points coordinates ; (c) 3-factors CD (O: centre point; *: star-points;■: factorial
points).

The total number n of points in CD can be calculated as the sum of three numbers nF, nC
and nS (Figure 15, 16a):
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where:
nF: number of points of factorial design. This number depends directly on the factor
number k of backbone FDD. The nF points correspond to the vertices of cube or hypercube
representing the experimental field of FFD.
nC: number of centre points; experiments at the centre point are repeated nc times to
experimental error variability analysis.
nS: number of star points (S). They are located on different factor axes at the same
distance to centre point. They have a non-null coordinate for one factor and null values for the
other factors (Figure 15b).

VI.1.2. Construction of Composite Design
Starting from a centre point C (repeated nC times) and a backbone FFD with nF=2k points,
nS start-points S are added according to well defined rules (Figure 15):
The nS points S are located at an equal distance s from the centre point C of experimental
field. On the basis of this equidistance, the CD design is qualified as rotatable. The step s
separating each star-point s from the centre C can be determined according to different
criteria including the isovariance-by-rotation, the almost-orthogonality, etc. (Lewis et al.,
1998):
According to the isovariance-by-rotation criterion, the step s is given by:
s=(nF)1/4

(46)

Step s satisfying the almost-orthogonality criterion is given by the formula:

n
s F





nC  n F  n S  n F
4

 
2




1/ 4

(47)

A matrix X is Almost-orthogonal if the product X’X deprived from its first row and
column gives a diagonal matrix. Under the almost-orthogonality criterion, Eq. 47 shows that
step s depends on three numbers of experimental points nF, nC and nS (Figure 16b). Figure 16a
gives s-values in relation to different numbers nF, nC, nS. For example, with nF=4, nS=4 and
nC=4, the step s is equal to 1.210 to satisfy the almost-orthogonality criterion. The step
s=1.210 is expressed in a standardized scale from which:




The levels +1 and -1 are used to attribute maximal (Amax) and minimal (Amin)
experimental values, respectively.
The level 0 is associated to average experimental value A0 = (Amax + Amin)/2.
The experimental value As(i) of a given factor at any star-point i can be calculated by:
As(i) = A0 + 1.21(Amax – A0).
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VI.1.3. Numerical Application
Numerical example given in figure 17, presents a composite design (CD) with two factors
X1, X2 containing n=12 points, with n= nF + nS + nC = 4 + 4 + 4. From these three numbers of
points, a step s=1.21 is calculated according to the almost-orthogonal criterion (Figure 16a).
The 12 points of CD are represented in factor matrix with standardized levels (Figure 17a).
Their experimental values (Aij) are a priori defined by applying Eq. 1 linking Aij to Xij via an
average A0j and and variation step stpj of each factor (Table 1).
(a)

Factor
number k

2

3

4

5

5

6

6

Factorial
design

22

23

24

25-1

25

26-1

26

Type

Full

Full

Full

Frac.

Full

Frac.

Full

nF

4

8

16

16

32

32

64

nS

4

6

8

10

10

12

12

nC = 1

1.000 1.215 1.414 1.547 1.596 1.724 1.761

nC = 2 (O) 1.078 1.287 1.483 1.607 1.662 1.784 1.824
nC = 3

() 1.147 1.353 1.547 1.664 1.724 1.841 1.885

Calculated
steps s

nC = 4 () 1.210 1.414 1.607 1.719 1.784 1.896 1.943

(b)
S

F

C

C

S=1.078
S=1.147
S=1.210

nC = 2
nC = 3
nC = 4

Figure 16. (a) Steps s separating star points S from centre C calculated in relation to the numbers nF, nS
and nC of factorial, centre and star points, respectively. (b) Geometric illustration of composite designs
based on almost-orthogonal criterion, having 4 factorial (nF=4) and 4 star (nS=4) points, but differing by
the number of central points (nC) leading to different step value s separating star-points S from centre
points C.
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Table 1. Transformation of standardized levels X1, X2 into experimental values A1, A2 by
using equation 1

The experimental values of A1 and A2 are in arbitrary units (for illustrative example).

Using CD, the key problematic consists in finding experimental conditions favoring the
maximization of a response Y1 representing the main characteristic of studied system (Figure
17a). In other words, in this example, maximal values of Y1 represent desired characteristics
of studied system.
Beyond Y1, a second response variable Y2 attributes desired characteristics to the studied
system by its low values. Therefore, optimal characteristics of studied system can be defined
by maximal values for Y1 combined with minimal ones for Y2.
Starting from the CD with two factor and 12 experiment points, the first analysis step
consists in formalizing Y1 in relation to X1, X2 by using a response surface model. This model
has 6 coefficients given by Eq. 43. The second-degree model is (Figure 17b):

Y1 = 210.88 + 12.76 X1 – 66.61 X2 – 35 X1X2 – 20 X1² - 16.74 X2²
Graphically, this model represents the variation of response Y1 within a surface the shape
of which depends on factor levels (X1, X2) (Figure 17b). Alternatively to the 3-dimension plot,
the variations of Y1 can be represented by iso-response curves in a 2-D plot X2 vs X1. From
these graphics, the maximal values of Y1 seem to be conditioned by increase of X1 and
decrease of X2. Thus, the pair wise of standardized levels (X1, X2)=(+1.21, -1.21)
corresponding to experimental values (A1, A2)=(3.21, 8.95) can be applied to maximize Y1
(Table 1). However, these optimal conditions are located at the periphery of experimental
field, and require confirmation (better control) by applying a new CD centered on (A1=3.21,
A2=8.95) which will be associated to new standardized levels (X1=0, X2=0).
Moreover, the usefulness of the first CD can be extended to minimization of response Y2
(Figure 17 c). The modeling of Y2 by a second-degree model based on X1 and X2 gives a
response surface minimizing Y2 through a decrease in X2 levels and stable levels X1 around 0.5.
To optimize the system, the area of Y1 maximum and Y2 minimum are superimposed to
identify the best conditions of governing factors (Figure 17d). The superimposition of the two
iso-response curves Y1 and Y2 in the plane X2 vs X1 highlights a small optimization area: this
area is defined by the X1-range [-0.5, -0.125] and X2-range [-0.75, -1], which correspond
respectively to experimental values A1=[1.5, 1.785] and A2=[10, 11.25].
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(a)
Factor
and
response
matrix

Point type
F
F
F
F
S
S
S
S
C
C
C
C

X1
-1
+1
-1
+1
-1.21
+1.21
0
0
0
0
0
0

X2
-1
-1
+1
+1
0
0
-1.21
+1.21
0
0
0
0

Y1
200
290
130
80
160
200
260
110
200
195
220
230

Y2
8
20
15
25
20
18
5
30
10
12
10
10

(d)

(Y1 max, Y2 min)

area

Y = a0 + a1X1 + a2X2 + a12X1X2 + a11X1² + a22X2²

Y1 = 210.88 + 12.76 X1 - 66.61 X2 - 35 X1X2 - 20 X1² - 16.74 X2²

(b)

Y1

Y1max

Y1max

Y2 = 11.00 + 2.83 X1 + 6.10 X2 - 0.5 X1X2 + 4.19 X1² + 3.17 X2²

(c)

Y2

Y2min
Y2min

Figure 17. Numerical application of composite design based on almost orthogonal criterion.
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VI.2. Box-Behnken Design
VI.2.1. Geometric Presentation
Box-Behnken Design (BBD) has a spherical experimental field initially built from cubic
structure (Figure 18a): the experiment points are located at middle of different edges of cube,
rather than on vertices (FFD). All the points of BDD are equally distant from the centre point
C (Figure 18b) (Myers and Montgomery, 1995; Lewis et al., 1999; Srinu Babu et al., 2007;
SAS, 2009; Sivakumar et al., 1999). This last point is considered in experiment matrix, and
can be repeated nC times to estimate pure experimental error.
Box-Behnken design (BBD) is rotatable (or nearly so) and requires fewer treatment
combinations than CD. Its "missing corners" may be useful when the experimenter should
avoid combined factor extremes. This property prevents a potential loss of data in those cases.

(a)

(b)

C

Figure 18. Geometric structure of a Box-Behnken design with k=3 factors based on points which are
located at middles of edges of cube (a), and covering a spherical space because of their equal distances
to the centre of field (b).

VI.2.2. Construction and General Characteristics of Box-Behnken Designs
BBD is built from a cube for three factors or hypercube for more than three factors
(Figure 19). When the number k of factors is higher than 3, the resulting hypercube is called
k-cube. For instance, the hypercube with 4 dimensions (4 factors) is a 4-cube; that with 5
dimensions is called 5-cube.
To build a BBD, the n experimental points are placed at middle of edges (in 3-cube), at
the centre of square heads (in 4-cube) or at the centres of cubes (in 5-cube BBD). All the
factors of a BBD have three standardized levels (-1, 0, +1) (Figure 19). Apart from the centre
point which has null coordinates, all the experimental points of BBD have two non-null levels
(=-1 and/or +1) corresponding to two factors, whereas all the other factors are fixed to zero
(Figure 20). This results in three levels (-1, 0, +1) for each factor. These levels can be
converted into experimental values by using Eq. 1. Beyond 5 factors, BBD can contain more
than two factors with non-null levels.
With 3 factors, the BBD is a 3-cube (classic cube) with 12 edges. This results in 12
experiments which will be located at the middles of the 12 edges. Each of these twelve points
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has a null level for one factor; the two other factors have levels equal to -1 or +1 (Figure 19).
In addition to the 12 spherically distributed points (Figure 18), three centre-points (with null
levels: 0, 0, 0) are classically considered leading to 12+3=15 experiments in all (Figure 20a).
The 3-factors-BBD satisfies the criterion of almost-orthogonality under the condition that 4
points instead of 3 are taken at the centre.
With 4 factors, the BBD is built on a hypercube with 4 dimensions (or a 4-cube). The 4cube has 16 vertices, 32 edges, 24 square heads and 8 cubes. The centres of the 24 heads will
be associated to 24 experimental points planned by BBD. Each of the 24 points has two null
levels for two factors among the four (Figure 20b). The two other factors have levels equal to
-1 or +1. In addition to these 24 points located at equal distance from the field centre, three
(or more) repetitions of the centre-point are classically planned in 4-cube BBD. The 4-factorsBBD have the advantage to satisfy isovariance-by-rotation criterion, by opposition to the 3factors-BBD. Also, they can satisfy the almost-orthogonality criterion if 12 centre points are
taken rather than 3 points.

Figure 19. Construction of Box-Behnken design by distributing points at the middles of edges of cube.
For more than 3 factors, the points are located at the centres of heads.

BBD with 5 factors is built on a hypercube with 5 dimensions (a 5-cube). This geometric
structure has 32 vertices (dimension 0), 80 edges (dimension 1), 80 heads (dimension 2), 40
cubes (dimension 3) and 10 4-cubes (dimension 4). To build a BBD with 5 factors, 40
experimental points need to be located at the centres of the 40 cubes. Each of these 40 points
have 3 null levels for 3 factors and 2 non-null levels (=-1 or +1) for the two others (Figure
20c). In addition to the 40 main experiment points, six others are classically taken at the
centre of field.
BBD is advantageous to sequential analysis of complex system: it can be initially started
with a small factor number k, then, the results can be improved by adding new factors (new
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dimensions) without disturbance or loss of acquired results during the initial design. For
example, if a system needs to be studied in relation to four or five factors, the study can be
started with a 3-factors-BBD. Therefore, the fourth and fifth factors must be fixed to null
levels during the 12 (+ 3) experiments of the 3-factors-BBD (Figure 20a). Then, introduction
of the fourth factor (F4) requires the application of the 12 complementary experiments in
which F4 has not null levels and F5 has null levels (Figure 20b). Additional centre-points
must be also expected in the 4-factors-BBD application. Then, introduction of the fifth factor
(F5), requires the application of 16 new experiments corresponding to non-null levels of F5
(Figure 20c).

VI.2.3. Numerical Application
Numerical example of figures 21-23 shows application of BBD to determine optimal
combination between four factors X1-X4 leading to minimize a response Y. With four factors,
BBD requires 24 peripheral experimental points (i=1-24) to which 3 were added in field
centre (i=25-27) (Figure 21). With the four factors X1-X4 expressed with standardized levels,
action matrix is a priori calculated to be used as basis to model coefficient calculations
(Figure 21). This action matrix expects 15 coefficients among which 10 correspond to those
of second-degree polynomial model with interaction (Eq. 48):

Y = a0 + a1X1 + a2X2 + a3X3 + a4X4
+ a12X1X2 + a13X1X3 + a14X1X4 + a23X2X3 + a24X2X4 + a34X3X4
+ a11X1² + a22X2² + a33X3² + a44X4²
(48)
The 15 coefficients are calculated into a coefficient vector (â), by applying Eq. 6 using
the action matrix (X) and vector response (Y) (Figure 21). Calculations can be directly
provided by using statistical software as JMP (SAS, 2005). The software provides also pvalue for each coefficient, i.e. the probability that coefficient estimation is not significantly
different from 0. Statistically, a coefficient is considered as significant is it is tested to be
significantly different from 0. Therefore, lower is the p-value more significant the coefficient
will be (Jerold, 1998). A cut-off value of 0.05 (p-value <0.05) is generally considered to
significance conclusion.
From the p-values, factors X1 and X4 revealed to be not significant under the first-degree
(a1 and a4) but they become significantly different from 0 under second degree (a11, a44). The
significance of X1 and X4 at second degree means that these factors will have higher effects on
Y when their absolute levels increase (move away average levels X1=0 and X4=0) (X1X1=1 and
X4X4 = +1). This can be highlighted by iso-response curves of Y in the plot X4 vs X1 (Figure
22b): at standardized levels 1 of X1, the response Y shows maximal states (Y=21, 22.5);
along X4 axis, these extreme levels are associated with minimal state of Y (Y=16.5). The
increase of Y in relation to X1² is highlighted by significant positive coefficient a11=3.69.
Also, the decrease of Y in relation to X4² is highlighted by significant negative coefficient a44
= 2.6 (Figure 21, 22).
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(a)

(b)

(c)

Experiment i
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46

X1
-1
+1
-1
+1
-1
+1
-1
+1
0
0
0
0
0
0
0
-1
+1
-1
+1
0
0
0
0
0
0
0
0
-1
+1
-1
+1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

X2
-1
-1
+1
+1
0
0
0
0
-1
+1
-1
+1
0
0
0
0
0
0
0
-1
+1
-1
+1
0
0
0
0
0
0
0
0
-1
+1
-1
+1
0
0
0
0
0
0
0
0
0
0
0

Factors
X3
0
0
0
0
-1
-1
+1
+1
-1
-1
+1
+1
0
0
0
0
0
0
0
0
0
0
0
-1
+1
-1
+1
0
0
0
0
0
0
0
0
-1
+1
-1
+1
0
0
0
0
0
0
0

X4
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
-1
-1
+1
+1
-1
-1
+1
+1
-1
-1
+1
+1
0
0
0
0
0
0
0
0
0
0
0
0
-1
+1
-1
+1
0
0
0

X5
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
-1
-1
+1
+1
-1
-1
+1
+1
-1
-1
+1
+1
-1
-1
+1
+1
0
0
0

Figure 20. Experiment matrices of Box-Behnken designs based on 3 (a), 4 (b) and 5 (c) factors.
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ACTION MATRIX
i
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

First degree factors
X1
X2
X3
-1
-1
0
+1
-1
0
-1
+1
0
+1
+1
0
0
-1
-1
0
+1
-1
0
-1
+1
0
+1
+1
-1
0
-1
+1
0
-1
-1
0
+1
+1
0
+1
-1
0
0
+1
0
0
-1
0
0
+1
0
0
0
-1
0
0
+1
0
0
-1
0
0
+1
0
0
0
-1
0
0
+1
0
0
-1
0
0
+1
0
0
0
0
0
0
0
0
0

X4
0
0
0
0
0
0
0
0
0
0
0
0
-1
-1
+1
+1
-1
-1
+1
+1
-1
-1
+1
+1
0
0
0

2nd degree
First-order interactions
factors
X1X2 X1X3 X1X4 X2X3 X2X4 X3X4 X1X1 X2X2 X3X3 X4X4
+1
0
0
0
0
0
+1
+1
0
0
-1
0
0
0
0
0
+1
+1
0
0
-1
0
0
0
0
0
+1
+1
0
0
+1
0
0
0
0
0
+1
+1
0
0
0
0
0
+1
0
0
0
+1
+1
0
0
0
0
-1
0
0
0
+1
+1
0
0
0
0
-1
0
0
0
+1
+1
0
0
0
0
+1
0
0
0
+1
+1
0
0
+1
0
0
0
0
+1
0
+1
0
0
-1
0
0
0
0
+1
0
+1
0
0
-1
0
0
0
0
+1
0
+1
0
0
+1
0
0
0
0
+1
0
+1
0
0
0
+1
0
0
0
+1
0
0
+1
0
0
-1
0
0
0
+1
0
0
+1
0
0
-1
0
0
0
+1
0
0
+1
0
0
+1
0
0
0
+1
0
0
+1
0
0
0
0
+1
0
0
+1
0
+1
0
0
0
0
-1
0
0
+1
0
+1
0
0
0
0
-1
0
0
+1
0
+1
0
0
0
0
+1
0
0
+1
0
+1
0
0
0
0
0
+1
0
0
+1
+1
0
0
0
0
0
-1
0
0
+1
+1
0
0
0
0
0
-1
0
0
+1
+1
0
0
0
0
0
+1
0
0
+1
+1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

Cst
E
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1
+1

Response
Y
23.5
25
22.5
24
28
17.5
29.2
27.5
18
26
35
28
21
20
19.5
21.5
18.5
16.5
17.5
16.8
17.2
23.2
13.5
28.5
18.4
18.8
19.2

Y = a0 + a1X1 + a2X2 + a3X3 + a4X4 + a12X1X2 + a13X1X3 + a14X1X4 + a23X2X3 + a24X2X4 + a34X3X4 + a11X1² + a22X2² + a33X3² + a44X4²

â = (X'X)-1X'Y

a0 a1 a2 a3 a4 a12 a13 a23 a14 a24 a34 a11 a22 a33 a44
Coefficients
P-values

18.8 0.42 -1.41 4.27 0.08

0

<0.0001 0.42 0.015 <0.0001 0.88 1

-3.75

2.2

0.75

0.33

2.25 3.69

0.001 0.026

0.40

0. 71

0.02

0.0004

1.5

4.64

-2.6

0.07 <0.0001 0,005

Figure 21. Numerical example showing action matrix of Box-Behnken design with 4 factors and its
response vector Y modeled by a second degree polynomial model with 15 coefficients.

By opposition to X1 and X4, factor X2 has significant first-degree coefficient (a2=-1.41; pvalue=0.015 < 0.05) and not significant second degree coefficient (a22, p-value=0.07>0.05).
The significance at first-degree indicates that variation of X2 between levels -1 and +1 results
in significant effect on response Y (Figure 22a, 23c). In fact, the iso-response curves show
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that response Y varies monotonously along X2-axis: in X3 vs X2 plot (Figure 23b), Y varies
gradually from 24 to <18 as X2 varies from -1 to +1; in X4 vs X2 plot (Figure 22a), Y varies
from 19.5 to 16.5 in relation to X2.
Concerning the factor X3, it shows highly significant effects both at the first and second
degrees (p-values < 0.0001)(Figure 21). This means that X3 governs the response both by its
monotonic variations and its absolute values. On one hand, the response Y shows significant
variations under monotonic variations of X3; this can be shown by iso-response curves of Y in
X4 vs X3 plot, where Y increases when X3 goes from level -0.5 to +1 (Figure 23a). On the
other hand, the response submits an inflexion at X3=-0.5 from which decrease of X3 will have
positive effect on Y. This trend inversion is governed by second-degree coefficient a33
(=4.64).
To determine optimal combination(s) between the four factors favoring Y-minimization,
the lowest values of Y have to be identified from iso-response curves given by different pair
wise plots (Xj’ vs Xj). The considered plot helps to identify optimal levels of the two
corresponding factors (Figure 22a, b; 23a, b). From such plot, the considered factors are fixed
at levels minimizing Y, then these fixed levels will be considered in a next plot taking into
account variations of two other factors (Figure 22d; 23b). The iso-response curves of the
second plot provide Y minimal value lower than that of the first plot. By comparing different
second plots, one retains that giving the lowest Y value. This helps to determine the best
combination of factor levels favoring Y-minimization:
For instance, starting from the plots X4 vs X2 (Figure 22a) and X4 vs X1 (Figure 22b), the
iso-response curves give minimal values <16.5 which are associated to pair wises (X2=+0.5,
X4=-1) (Figure 22a) and (X1=-0.25, X4=+1) (Figure 22b). By fixing the considered factors at
the favorable identified levels, the second plots based on the other factors, i.e. (i) X3 vs X1
(Figure 22c) or (ii) X3 vs X2 (Figure 22d) show minimal Y-values <16.5 and <13.5,
respectively. By considering the lowest Y-values (<13.5) (Figure 22d), the Y-minimization
can be associated to high negative levels of X2 and X3 ( 1). By considering the levels of
the four factors (X1 to X4) favoring such a minimization, the Y-value can be calculated by
using the second-degree model (Eq. 48; Figure 21) which gives a Y-value of 11.70.
The same comparative and sequential approach can be illustrated in figure 23: starting
from X4 vs X3 and X3 vs X2, the lowest Y-values (< 15) are observed in the first case (Figure
23a). This lowest state of Y corresponds to factor levels: X3=-0.75 and X4=+1. By fixing X3
and X4 to these respective levels, the plot X2 vs X1 is used to locate the minimal state of Y
(Figure 23c); such minimization seems to be favored by middle negative level of X1 (0.5)
and high positive level of X2 (+1). The second-degree model used with the quadruplet (X1, X2,
X3, X4)=(-0.5, +1, -0.75, +1) gives a response value Y=11.70 (Figure 23c).
By comparing the two favorable cases (X1, X2, X3, X4) = (-0.25, +1, -1, +1) (Figure 22) or
(-0.5, +1, -0.75, +1) (Figure 23), Y-minimization can be reached by considering high positive
levels of X2 and X4 (higher than average experimental values A2 and A4 ) on the hand,
slightly negative level of X1 (experimental value < A1 ) and highly negative level of X3 (use
experimental value <<the average A3 ). The importance of simultaneous variations (decrease)
of X1 and X3 can be interpreted from the highly significant interaction coefficient a13 (-3.75)
(p-value=0.001) (Figure 21). The negative coefficient a13 means that positive interactions
between X1 and X3 favor decrease of Y. This can be shown in figure 22c where area of
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minimal Y-values is located under negative levels of both X1 and X3. Moreover, the significant
positive interaction coefficients a23 and a34 means that the positive interactions X2X3 or X3X4
have positive effects on Y. Consequently, these interactions reduce the response values if they
are negative. This can be shown by low response values under X3=-0.75, X4=+1 or X2=+0.5,
X3=-0.5 (Figure 23a, 23b).

VI.3. Doehlert Design
VI.3.1. Geometric Presentation
Doehlert design (DD) is based on hexagonal geometry which has a simplex basis (Figure
24a, b) (Doehlert, 1970; Doehlert and Klee, 1972; Yuzhu, 1972). More details on simplex
designs will be presented in section VII. With the simplest case of two factors, the
experiments are spatially organized according to a regular hexagon leading to 6 experimental
points plus 1 centre point (viz. 7 in all) (Figure 24c). Thus, all the experiment points are
located on a circle with unit radius (in standardized coordinates) (Figure 24d). For DD with
three factors, the 3-D hexagonal geometry generates a cuboctahedron the 12 vertices of which
are regularly distributed on a sphere (Figure 24e). The cuboctahedron can be obtained by
joining the middles of edges of a cube (Figure 24f). For four factors or more, the experimental
fields cover hyperspheres.
The fact that the points are regularly distributed in experimental space makes possible to
easily extend the design to any direction by adding new points resulting in a new larger
hexagonal field (Figure 25a). Moreover, possible rotation of hexagon allows interchanging
level numbers between factors. This flexibility is advantageous in the case where more levels
need to be attributed to some factors to better variability analysis of studied system (Figure
25b).
VI.3.2. Construction and General Characteristics of Doehlert Design
The number of experimental points n of DD can be deduced from the number of factors k
according to the relationship (Figure 27):

n = k  (k+1) + 1

(49)

The coordinates of experimental points of a k-dimensions-DD can be deduced by
different subtractions between coordinates of points belonging to the (k-1)-dimensions DD.
To initiate these calculations, a basic two factors-simplex matrix is used (Figure 26a). The
three points of this simplex matrix corresponds to the three vertices of equilateral triangle
with coordinates (X1, X2)=(0,0), (1,0) and (0.5, 0.866). These three points represents also the
three first experiments of DD with two factors. As this design has 23+1=7 experiments, the
four remaining experiments have coordinates which can be obtained from the subtractions
(i=1 – i=2), (i=1 – i=3), (i=2 – i=3) and (i=3 – i=2) (Figure 26a).
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Figure 22. Iso-response curves highlighting minimization trajectories and area of response Y.
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Figure 23. Iso-response curves highlighting minimization trajectories and area of response Y.
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Figure 24. Simplex-based geometry of Doehlert design giving hexagonal networks. (a) (b) basic
simplexes to construction of two- and three-dimensions Doehlert designs. Two- (c) (d) and three-(e) (f)
dimensions Doelhert designs.
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Figure 25. Geometric flexibility of Doehlert design due to simplex translation and rotation properties
resulting in different configurations (b) and extensions (a) of the design with a few number of points.

With three factors (k=3), DD expects 13 experiment points (34+1), the coordinates of
which can be deduced from the basic simplex matrix with four rows representing the four
vertices of tetrahedron (Figure 26b). These four rows correspond to the four first points of DD
with k=3. Therefore, the experiments i=5 to i=13 have coordinates that can be deduced by the
following successive subtractions: (i=1 – i=2), (i=1 – i=3), (i=2 – i=3), (i=3 – i=2), (i=1 –
i=4), (i=2 – i=4), (i=4 – i=2), (i=3 – i=4) and (i=4 – i=3) (Figure 26b).
DD matrices from k=2 to k=6 are summarized in figure 27.
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Figure 26. Construction of Doehlert designs from basic simplex matrices. (a) Two-factors Doehlert
design. (b) Three-factors Doehlert design.
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k
n = k (k+1) + 1

7 = 23 + 1

13 = 34 + 1

21 = 45 + 1

31 = 56 + 1

43 = 67 + 1

i
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

X1
0
1
-1
0.5
-0.5
0.5
-0.5
0.5
-0.5
0.5
0
-0.5
0
0.5
-0.5
0.5
0
0
-0.5
0
0
0.5
-0.5
0.5
0
0
0
-0.5
0
0
0
0.5
-0.5
0.5
0
0
0
0
-0.5
0
0
0
0

2
X2
0
0
0
0.866
-0.866
-0.866
0.866
0.289
-0.289
-0.289
0.577
0.289
-0.577
0.289
-0.289
-0.289
0.577
0
0.289
-0.577
0
0.289
-0.289
-0.289
0.577
0
0
0.289
-0.577
0
0
0.289
-0.289
-0.289
0.577
0
0
0
0.289
-0.577
0
0
0

3
X3
0
0
0
0
0
0
0
0.816
-0.816
-0.816
-0.816
0.816
0.816
0.204
-0.204
-0.204
-0.204
0.612
0.204
0.204
-0.612
0.204
-0.204
-0.204
-0.204
0.612
0
0.204
0.204
-0.612
0
0.204
-0.204
-0.204
-0.204
0.612
0
0
0.204
0.204
-0.612
0
0

4
X4
0
0
0
0
0
0
0
0
0
0
0
0
0
0.791
-0.791
-0.791
-0.791
-0.791
0.791
0.791
0.791
0.158
-0.158
-0.158
-0.158
-0.158
0.632
0.158
0.158
0.158
-0.632
0.158
-0.158
-0.158
-0.158
-0.158
0.632
0
0.158
0.158
0.158
-0.632
0

5
X5
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0.775
-0.775
-0.775
-0.775
-0.775
-0.775
0.775
0.775
0.775
0.775
0.129
-0.129
-0.129
-0.129
-0.129
-0.129
0.645
0.129
0.129
0.129
0.129
-0.645

6
X6
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0.764
-0.764
-0.764
-0.764
-0.764
-0.764
-0.764
0.764
0.764
0.764
0.764
0.764

Figure 27. Doehlert matrices for factor number k=2 to 6. The number n of experiments can be deduced
from k by [k(k+1) + 1]. If we don’t consider centre point, n=k(k+1).
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i
1
2
3
4
5
6
7

(a)

X1
0
1
0.5
-1
-0.5
0.5
-0.5

X2
0
0
0.866
0
-0.866
-0.866
0.866

Y
60
40
38
52
60
68
55

Initial Doehlert matrix
with two factors (7
points)

interesting
response point

(b)
First
design
points

Reached
response range

New
points

i
1
2
5
6
8
9
10

X1
0
1
-0.5
0.5
1.5
0
1

X2
0
0
-0.866
-0.866
-1
-1.866
-1.866

Y
60
40
60
68
52
75
83

New Doehlert matrix
resulting from
simplex translation

3 new points

desired
response
area

Figure 28. Numerical example showing translation-based flexibility of Doehlert design helping to
rapidly identify experimental conditions favoring a desired range of response.
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Similarly to BBD, DD are appropriate to sequential analysis of response variations in
relation to new factors which can be gradually added to the first ones. This property is
stronger in DD than BBD because of translation possibility of simplex. This translation
makes possible to add some experiment points around any point of previous design (Figure
25a). Consequently, the number of additional points required to optimization question is
reduced compared to other experimental designs.
For example, by applying the seven experiments of a 2-factor DD, suppose that the
second points (i=2) shows an interesting response value. To better analysis or optimization of
the response, this point will be considered as the centre of a new DD. Therefore, among the
seven experiments of the second DD, only three are new (i=8, 9, 10); the four others (i=1, 2,
3, 7) belongs to the previous DD (Figure 25a).
In DD, response Y is modeled in relation to k factors by using a second-degree
polynomial model with interaction: Eq. 43, 44 and 48 are used for k = 2, 3, 4 factors,
respectively.

VI.3.3. Numerical Application
Numerical example given in figure 28 presents the interest of Doehlert design to rapidly
identify experimental conditions favoring a desired range of response Y. Variations of
response Y are studied in relation to two factors X1, X2, representing two continuous variables
supposed to have control effects on Y. The aim of study consists in varying X1 and X2 to
obtain Y-values higher than 80. For that, a DD with 2 factors (7 experiments) was applied to
obtain 7 response values which were measured under 7 pair wises of experimental values (A1,
A2). The experimental values Aj of each factor j are given by Eq. 1 applied on the standardized
levels Xj of DD (Figure 28a).
In a next step, the obtained response Y was mathematically modeled in relation to
standardized levels Xj by using a second degree polynomial with interaction (Eq. 43):

Y = 60 – 5.5X1 – 10.1X2 – 14.43X1X2 – 14X1² – 1.67X2²
Using this model, response values were calculated, then iso-response curves were
visualized to analyze how Y varies in the plane defined by X1, X2 (Figure 28a). The isoresponse plot shows no conditions giving Y>80. However, a relatively interesting area can be
characterized by the highest Y values (>65) which are obtained with X1=+0.25 and X2<-0.75.
Taking into account this preliminary observation, close experiment point C (X1=0.5, X2=1) was fixed as a centre of a new DD. From this point C, the new DD is built by removing the
three points not centred on C (i=3, 4, 7) and by replacing them by the three additional ones
around C (i=8, 9, 10) (Figure 28b). The application of the three new points (i=8, 9, 10)
provided three corresponding Y-values. On the basis of the second DD and the seven
corresponding Y-values, a mathematical modeling was applied leading to iso-response curves
plotting (Figure 28b). The results highlights interesting area in which the desired Y-values
(>80) are reached. The area is defined by X1=[0.5, 1] and X2< -1.25. These graphical
identifications are compatible with the high negative coefficient of X2 (a2=-10.1). In other
words, X2 needs to be maintained at low levels to favor increase in response.
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VII. SIMPLEX MIXTURE DESIGNS
VII.1. General Characteristics
Mixture designs find wide applications in cases where factors have additive experimental
values (Cornell, 1990a, 1990b; Duineveld et al., 1993a, 1993b; Gorman and Hinman, 1962;
Semmar et al., 2007; Semmar, 2010; Piepel and Cornell, 1994; Snee, 1979, 1981). This
occurs when factors represent a same variable type and can be expressed with a same scale
unit. In this case, the different factors can be considered as cumulative components of a close
mixture system. Such cumulative (additive) characteristics of mixture system make possible
that the different factors (components) can be expressed the ones relatively to the others.
Mixtures are found in chemical or metabolic systems in which the concentrations of different
compounds (or metabolites) influence additively the ones the others. More generally, mixture
systems are statistically identified from a data table in which sums of values are possible both
along rows and columns (e.g. contingency table). In this case, the sums of rows and columns
have interpretable meaning a priori.
Mixture systems are particular in the sense that they show dependency between their
components (factors). This dependency can be statistically expressed by the cumulative sum
(Eq. 50):
k

m
j 1

j

 m  cst
(50)

with:
k: number of system components (factors) to mix
mj: concentration or quantity of component j in the system
m: total concentration or total quantity of all the system components
By considering a system as a whole mixture unit, the relative levels of the different
components (factors) (e.g. chemical compounds) will vary the ones at the expense of the
others leading to different dilution states within the system.
From Eq. 50, a unit sum relationship can be deduced to express all the components
(factors) by relative levels or weights Xj:
k

mj

m
j 1

k

  X j 1
j 1

(51)

Eq. 51 brings a relationship between the k factors of a mixture design, and subsequently
the system can be characterized by (k-1) degree of freedom. Under such relationship, each
component is constrained to have a well-defined relative level depending on the sum of the
(k-1) others. This is compatible with the existence of regulation or dilution laws governing the
relative levels of mixture system components. Such laws include system saturation, mass
conservation, flux distributions, competitions for space (ecological systems), competitions for
synthesis (enzymatic systems), miscibility, etc.

Introduction to Experimental Designs

55

Geometrically, all the regulation/dilution states of a mixture system can be represented
within a simplex structure (Figure 29)(Maruri-Aguilar et al., 2007). Under experimental
design aspect, the states and regulation laws of mixture systems can be analyzed and
optimized by using Scheffé’s simplex designs (SSD). Also, SSD represent strong tools to
analyze and optimize a characteristic of mixture system in relation to variable dilution states
(rates) of its k components (k factors).

VII.2. Geometric Presentation
SSD are based on simplex geometry from which the relative variations of k additive
components can be represented within a space of (k-1) dimensions (Figure 29).
With k=2 components, the simplex consists of a segment (1-dimension space) the
extremities of which are associated to the two components varying the one at expense of the
other along segment (Figure 29a).

Figure 29. Simplex with different dimensions (k-1) defined by the number k of combined components,
and structured according to different graduation scales m. (a) k=2, m=10; (b) k=3, m=10; (c) k=4, m=5.

With k=3 components, the simplex consists of equilateral triangle (2-dimension space) in
which each edge represents one component (Figure 29b). From the triangle, three mixture
(regulation) states can be distinguished: (i) the three vertices correspond to pure "mixtures" in
which each of the three components excludes the two others. (ii) Points located on the edges
of triangle correspond to mixtures containing two components and excluding the third one.
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(iii) Points located within the triangle correspond to mixtures in which the three (k=3)
components contribute with non-null relative levels (Xj0  j=1 to k=3).
With k=4 components (4 dilutive components), the simplex consists of a tetrahedron the
vertices of which correspond to 4 extreme or pure mixture states where only one component
is present (Figure 29c). The edges, heads and inside of tetrahedron represent mixtures
between two, three and four (the k) components, respectively.

VII.3. Construction of Scheffé’s Simplex Design
SSD is constructed on the basis of two elementary parameters:
1) The number k of components (factors).
2) The total number m (constant) of mixture states for each component: this number
corresponds to the number of graduations along each edge of simplex. In mixtures,
the different components are combined between them by contributing with different
weights Xj to the whole unit system (Xj=1). By applying SSD, the weights Xj of the
different components can be obtained by considering any mixture as resulting from m
(constant) parts to which each component j contributes with mj parts (mj = m).
Therefore, in a given mixture (m1,…, mk), the weights Xj are given by:

Xj 

mj



k

m
j 1

mj
m

j

(52)

By fixing m (integer) a priori, each component j will contribute to the different mixtures
by a part mj varying from 0 to m. It results (m+1) contributions mj corresponding to different
presence levels of component j, and varying between 0 (absence of component) to m
(exclusive presence of component j in mixture = a simplex vertex j). For instance, if a mixture
system is studied by fixing m to 10, the k mixed components j will contribute to m through k
parts mj (j=1 to k) which can take m+1=11 values (0-10). If k=4, the mixture (m1=4, m2=3,
m3=1, m4=2) means the combination of 4, 3, 1 and 2 parts (=10) from components or factors
X1, X2, X3 and X4, respectively.
With k components Xj to combine within mixtures containing m parts (m=mj=cst), the
total number N of all the possible mixtures to carry out is given by:

N

(k  m  1)!
m!(k  1)!

(53)

For example, with k=4 components to mix and m=10 parts forming the mixture, Eq. 53
gives N=286 to carry out in SSD. Geometrically, these mixtures correspond to 286 points
located on tetrahedron’s vertices, edges, heads or inside (Figure 30b). These N experiments
are given by Scheffé’s matrix (N rows  k columns) which gives the different contributions mj
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of different components Xj in the N possible mixtures of system (k, m). Scheffé’s matrix is
illustrated for a mixture system (k=3, m=5) in figure 30a.
After application of SSD the N response values can be mathematically modeled by using
a first degree polynomial with interaction and without intercept:

Y = a1X1 + … + akXk + a12X1X2 + … + ak-1kXk-1Xk
(a)

i
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
N=21



m+1=6 levels by component:
0, 0.2, 0.4, 0.6, 0.8, 1

k = 3, m = 5



N

(m  k  1)!
(k  1)! m!

N

(5  3  1)!
7!

 21
(3  1)!(5)! 2  5!

X1
0.2
1
0
0
0.4
0.6
0.8
0
0.2
0.8
0
0.6
0
0.4
0
0.2
0.6
0.2
0.4
0.4
0.2

X2
0.8
0
0.2
0.6
0
0
0.2
0.8
0.6
0
0.4
0.4
0
0.4
1
0.2
0.2
0.4
0.6
0.2
0

X3
0
0
0.8
0.4
0.6
0.4
0
0.2
0.2
0.2
0.6
0
1
0.2
0
0.6
0.2
0.4
0
0.4
0.8

Vertex:
1 component

(b)

10, 0, 0, 0
9, 1, 0, 0
8, 2, 0, 0
7, 3, 0, 0
6, 4, 0, 0
5, 5, 0, 0
4, 6, 0, 0
3, 7, 0, 0
2, 8, 0, 0
1, 9, 0, 0
0, 10, 0, 0

1 component

0, 5, 5, 0

Edge:
2 components
5, 0, 0, 5

1 component
0, 0, 0, 10

0, 0, 5, 5

2 components
0, 0, 10, 0

2 components
Head:
3 components
e.g. (1, 7, 2, 0)

inside:
4 components e.g. (5, 2, 2, 1)

Figure 30. (a) Scheffé matrix for k=3 components to mix and (m+1)=6 contribution parts for each
component in the N=21 mixtures to carry out. (b) Simplex tetrahedric network defined by
k=components and m=10 graduation levels, i.e 11 contributions for each component.

(54)
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Figure 31. Numerical application of Scheffé’s simplex design to determine favorable mixture
conditions giving a response value Y comprised between 30 and 32 (in arbitrary units).
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With k=3 components, the model can be written:

Y = a1X1 + a2X2 + a3X3 + a12X1X2 + a13X1X3 + a23X2X3

(55)

The model has not intercept a0 because of the unit sum of Xj: Xj=1. Using this
relationship and by supposing the existence of intercept a0, we can write:

Y=a0 (X1 + X2 + X3) + a1’X1 + a2’X2 + a3’X3 + a12X1X2 + a13X1X3 + a23X2X3

Y = (a0 + a’1)X1 + (a0+a’2)X2 + (a0+a’3)X3 + a12X1X2 + a13X1X3 + a23X2X3

Y = a1X1 + a2X2 + a3X3 + a12X1X2 + a13X1X3 + a23X2X3
(55)

VII.4. Numerical Application
Numerical example given in figure 31 illustrates the usefulness of SSD to determine
mixture conditions favoring a desired response property. The problematic consists in mixing
three components (e.g. three substances) to obtain a finite product characterized by a
measurable variable Y. To respond to quality norms, the finite product must have Y value
comprised between 30 and 32.
With three mixture components, the SSD requires 21 experiments from which 21 Yvalues are measured (Figure 31a). Using Eq. 55, the response Y was modeled with a
prediction rate (determination coefficient) R²=0.95:

Y = 16.60X1 + 41.24X2 + 23.97X3 – 1.04X1X2 + 33.18X1X3 + 2.38X2X3
(56)
The predicted values by Eq. 56 were used to plot iso-response curves from which desired
area (30 Y 32) can be identified (Figure 31b, 31d). The ternary plots highlight different
interesting combinations between the three components (X1-X3):
If the norm requires the use of the three components, Y=31 can be reliably obtained by
using relative levels X1=0.23, X2=0.25 and X3=0.52 (Figure 31b). The iso-response curves
show also combinations giving Y=[30, 32] and implying mixtures between only two
components: this is reached from X1=0.4 and X2=0.6 (Figure 31c), or from X2=0.4 and X3=0.6
(Figure 31d). These combinations can be particularly interesting in the case where the use of
first (X1) or third (X3) component is less economic suggesting alternative mixtures without the
component in question.
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Chapter 2

OPTIMIZATION OF HAULAGE SYSTEM
IN AN UNDERGROUND SMALL SCALE MINE
USING FUZZY SETS
Zoran Gligoric
University of Belgrade, Faculty of Mining and Geology
Belgrade, Republic of Serbia

ABSTRACT
Many underground mines are using trucks to haul ore up to surface. The main
component of the underground mine haulage system is the decline (ramp) which is a
single lane bidirectional road. It means trucks must share road that cannot accommodate
more than one truck at a time. In such environment, collision between two trucks can
arise at various points along the decline, i.e. passing of trucks is impossible. This requires
the construction of places along the decline (passing bays) where one truck must pull
over and let the oncoming truck pass. This problem consists of searching the required
number and optimal location of passing bays along the decline and waiting time. The
ability to assess the behavior of the haulage system in underground mines accurately
would be a very useful device for mining engineers. Accurate assessment of the system
behavior is not so easy task because of the complexity of the system. Fuzzy Sets have
more design degrees of freedom than Crisp Sets and therefore have potential to express
behavior of the system much more realistic. The aim of this paper is to tackle both
uncertainty and system planning through an integrated model.

1. INTRODUCTION
Production of ore in an underground mine involves the basic procedures of drilling and
blasting, ore loading, hauling and dumping and various other auxiliary operations. Main
production is directly obtained from the stope.
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In an underground mine, load-haul-dump (LHD) vehicles are typically used as
transportation equipment to remove mined ore from the stope to a dumping point. In most
shallow mines, ore is directly dumped into a mine truck to be hauled to the surface via a
decline (ramp). In such environment, ore haulage system is divided into two mutually
dependent phases:



first phase is related to removal mined ore from stope to loading point, point where
the mine truck is located and
second phase is related to ore haulage by mine trucks to the surface.

According to production planning there are two principal activities of underground
mining: production activity and development activity. Development activity is composed of
excavation almost entirely in (non-valuable) waste rock in order to gain access to the new
mining area, such as lower level or new ore body. These two principal activities must be
performed simultaneously because the new mining area has to be developed to the point when
the previous area is mined.
All facts, mention above, indicate that in every underground mine there are minimum two
sites with different quantities of material that should be transported to the surface during the
same period, using common haulage path. In addition, there is a dynamic nature of these sites,
i.e., their locations are changed over time. In such environment it is necessary to make
efficient haulage system. In this paper it is considered the basic problem composed of two
sites i.e., one stope and one development working face related to construction of
infrastructure from production level to the lower level.
Set composed of LHD vehicles and mine trucks are often called ore haulage fleet.
Optimizing fleet scheduling is very important and hard task. Operation of haulage system is
also of critical importance in underground mines as is the mining operation itself.
Problem of fleet management systems have been treated by many authors. Beaulieu and
Gamache developed an enumeration algorithm based on dynamic programming for optimally
solving the fleet management problem in underground mines. This problem consists of
routing and scheduling bidirectional vehicles on a haulage network composed of one-lane
bidirectional road segments [1]. Melinda Hodkiewicz et al. have provided an overview of
work in this area that is specific to the mining industry and also relevant work from other
sectors that might inform how improvements can be made. Their paper describes the work
done on simulation models for mobile mining assets and focuses on the need to reflect real
situations in which the reliability of mobile assets influences mine production goals [2].
Neil Runciman et al. have analyzed the application of discrete-event simulation with
animation to solve a haulage system problem in an underground hard rock mine in the
Sudbury mining region in Ontario, Canada. The simulation software was used to create the
simulation models of the mine haulage systems [3]. Anjomshoa et al. have used the
simulation to find the optimal spacing of passing bays in an underground mine using trains to
haulage of ore [4]. Aziz and Keilich have examined four haulage operating scenarios to
optimize the haulage system in an Australian underground metal mine. The examination was
based on the economic evaluation of mining at increased depth [5]. Gamache et al. developed
a real-time fleet management system for an underground mine. Dispatching, routing and
scheduling are handled simultaneously, taking into account the mine status, operational
constraints and vehicle location information [6]. Vasquez et al. developed an integer
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programming (IP) model for minimizing the makespan of drift workload and a polynomial
time optimal algorithm for its resolution is proposed. Next, a set of decision rules obtained
from the algorithm above is integrated into the decision-making process (DMP) [7].
Sepulveda and Dubos treated a copper mine as a network of tunnels with a given set of
extraction sites where the mineral is extracted by front loaders called LHD (Load-HaulDump). The paper presents an optimization model to solve a vehicle scheduling–type of
problem arising in underground mining operations by using a constraint programming
framework [8].
Suppose a mine plan is developed to the stage where there is a planned yearly production
rate, a preferred mining method, underground mine development system based on the main
decline (ramp) connecting deposit to surface and locations of loading points are defined. A
mining method is a source function "feeding" the function of haulage, i.e., outputs of mining
method are inputs to haulage system. Function of haulage has to achieve its maximum value
according to given inputs and with respect to characteristics of given path and technical
characteristics of the fleet. The main characteristics of given path is that the decline (ramp) is
a single lane bidirectional road. It means trucks must share road that cannot accommodate
more than one truck at a time. In such environment, collision between two trucks can arise at
various points along the decline, i.e. passing of trucks is impossible. This problem can be
solved by construction of places along the decline (passing bays) where one truck must pull
over and let the oncoming truck pass. From organization point of view it is necessary to
define the appropriate number and optimal location of passing bays along the decline and
waiting time. If we take into consideration the dynamic nature of haulage system, than ability
to assess the behavior of the haulage system in underground mines is primary related to the
ability to estimate the duration i.e., the time of the working cycle (load material, travel to the
dumping site, unload material and travel back to the loading site). Most of the programs
developed to predict behavior of the haulage system are based on the performing a stochastic
simulation studies. The simulation is the most practical method used for creating
experimental data which are necessary for testing different operating scenarios in
underground mines. In the simulation study, proper modeling of individual events within
working cycle is of crucial importance and it is performed by assignation of appropriate
probability density functions to them. In this paper the same approach is applied to estimate
time input parameters (loading and unloading time ...). Fuzzy sets are used to estimate
performances of haulage equipment (speed of travelling).
By this way, it is created a base to express working cycle in the form of Fuzzy Sets.
Fuzzy Sets have more design degrees of freedom than Crisp Sets and therefore have potential
to express behavior of the system much more realistic.

2. PRELIMINARIES ON FUZZY SET THEORY BASICS
In order to deal with the vagueness of human thought, Zadeh [9] first introduced the
fuzzy set theory. This theory was oriented to the rationality of uncertainty due to imprecision
or vagueness. A fuzzy set is a class of objects with continuum of grades of membership. Such
a set is characterized by a membership (characteristic) function which assigns to each object a
grade of membership ranging between zero and one. A fuzzy set is an extension of a crisp set.
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Crisp sets only allow full membership or non-membership at all, whereas fuzzy sets allow
partial membership. In other words, an element may partially belong to a fuzzy set. The role
of fuzzy sets is significant when applied to complex phenomena not easily described by
traditional mathematical methods, especially when the goal is to find a good approximate
solution (Bojadziev [10]). Modelling using fuzzy sets has proven to be an effective way of
formulating decision problems where the information available is subjective and imprecise
(Zimmermann [11]). A tilde "~" is placed above a symbol if the symbol represents a fuzzy
set.
A linguistic variable is a variable whose values are words or sentences in a natural or
artificial language (Zadeh [12]). As an illustration, age is a linguistic variable if its values are
assumed to be fuzzy variables labelled young, not young, very young, not very young, etc.
rather than the numbers 0, 1, 2, 3... (Bellman and Zadeh [13]). The concept of a linguistic
variable provides a means of approximate characterization of phenomena which are too
complex to be amenable to description in conventional quantitative terms (Zadeh [12]).
Suppose that X  x is a universe, i.e., the set of all possible (feasible, relevant)
elements to be considered. Then a fuzzy subset (or a fuzzy set, for short) A in X is defined as a
set of ordered pairs x,  A x , where x  X and  A : X  0,1 is the membership function
of A;  A : X 0,1 is the grade of membership of x in A, from 0 for full no belongingness to 1
for full belongingness trough all intermediate values (Seda[14]). It is convenient to denote
fuzzy set defined in a finite universe, say A in
X  x1 ,...,xn  as
A   A x1 / x1  ...   A xn / xn where "  A xi / xi " (called a singleton) is a "grade of

membership/element" pair and "+" is used in the set-theoretical sense.
The γ-cut of fuzzy set A in X is defined as an ordinary set A  X such that
A  x  X |  A x   ,   0,1

(1)

Similarly, the γ-level cut of a fuzzy set A in X, denoted by Aγ, is the crisp subset of X that
contains all of the elements of X with exactly the given degree of membership γ:
A  x  X |  A x   ,   0,1

(2)

The level set of A, denoted LA, is a subset [0,1] containing the values γ that determine
distinct γ-cuts:
LA    0,1 |  A x   for some x  X 

(3)

~
~
A fuzzy number M is a convex normalized fuzzy set M of the real line R such that
(Bellman and Zadeh [13]):
~
- it exists such that one x0  R with M~ ( x0 )  1 ( x0 is called mean value of M )

- M~ ( x) is piecewise continuous.
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There are many possibilities to use different fuzzy numbers according to the situation.
Triangular fuzzy numbers (TFN) are very convenient to work with because of their
computational simplicity and they are useful in promoting representation and information
processing in fuzzy environment. In this paper, we use TFNs.
Triangular fuzzy numbers can be defined as a triplet (a,b,c). The parameters a, b and c
respectively, indicate the smallest possible value, the most promising value and the largest
~
possible value that describe a fuzzy event. A fuzzy triangular number M is shown in Figure
1.
~ ( x)
M

1

0
b

a

c

x

Figure 1. Triangular fuzzy number.

The membership function is defined as (Kaufmann [15]):
xa
0,
x - a

, axb

 M~ ( x)   b - a
c - x , b  x  c
c - b
0,
xc


(4)

Triangular fuzzy numbers can be used to perform common mathematical operations. The
~
basic fuzzy arithmetic operations on two triangular fuzzy memberships A  (a1 , a2 , a3 ) and
~
~
B  (b1 , b2 , b3 ) are defined as follows: inverse: A1  1/ a3 ,1/ a2 ,1/ a1  , addition:
~ ~
~ ~
A  B  a1  b1 , a2  b2 , a3  b3  , subtraction:
A  B  a1  b3 , a2  b2 , a3  b1  , scalar
multiplication:
  0,   R,   A    a1 ,  a2 ,  a3  ,
~ ~
~ ~
A  B  a1  b1 , a2  b2 , a3  b3  , division: A / B  a1 / b3 , a2 / b2 , a3 / b1 

~

multiplication:
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~

Let us assume that Ai , i  1,2,..., n be sample of the random variable of fuzzy number.
By the extension principle of fuzzy sets (Rivera et al.[16]), (Zadeh[9]) and definition of

~

the triangular fuzzy number the average operation for fuzzy number Ai is as follows:
~
A



n ~
A
i 1 i

/n

(5)

An important concept related to the applications of fuzzy numbers is defuzzification,
which converts a fuzzy number into a crisp value. Such a transformation is not unique
because different methods are possible. In this paper we applied the following transformation.
~
~
Let M be a fuzzy number. Then [M ] is a closed convex (compact) subset of R for all

 [0,1] . Let us introduce the notations:
~
m1 ()  min[M ] ,

~
m2  max[ M ]

(6)

In other words, m1 () denotes the left-hand side and m2 () denotes the right-hand side
~
of the γ-cut,  [0,1] . The possibilistic mean value of fuzzy number M with

~
[M ]  m1 (), m2 () is defined in (Carlsson[17]) by:

 

1
~ 1 m (  )  m2 (  )
E M  1
2 d   (m1 (  )  m2 (  ))d
2
0
0

(7)

~

If M  (b, , ) is triangular fuzzy number with centre b, left-width   0 and right~
width   0 then γ-level of M is computed by:

~
[M ]  b  (1  ), b  (1  ),  [0,1]

(8)

Then,

 


~ 1
E M   b  (1   )  b  (1   )d  b 
6
0

(9)

3. OPTIMIZATION MODEL
3.1. Problem Description
First of all it is necessary to give a brief description of mining method employed in the
ore production process. Suppose the deposit is mined by the sublevel mining method.
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Sublevel caving extracts the ore via sublevels, which are developed in the ore body at regular
vertical spacing.
A decline (ramp) connection is needed to connect different sublevels, and communicate
with surface. Figure 2 represents design of sublevel method employed in the exploitation of a
bauxite deposit. Figure 3 represents position of one active stope and one development
working face to the lower level.
An underground mine can be presented as a network model. The network model is
composed of a set of vertices V and a set of edges E, each of which interconnects a pair of
vertices. In network model the links corresponding to haulages are referred to as edges, and
the nodes corresponding to the points from which material is to be transported to the surface
are referred to as terminals. Considering a bidirected network (in the context of the ore
haulage direction) that is composed of a finite set of nodes and set of bidirected edges, we
denote each edge by an order pair (i,j) and (j,i), where i and j are different nodes, respectively.
The edge length is the distance needed to traverse (i,j) from node i to j. It is denote by
L(i,j). A path from a vertex u to vertex v in a network G=(V,E), with V the set of vertices and
E the set of edges, is a sequence of vertices u, v1, v2,…,vn, v such that (u,v1), (v1,v2),…, (vn,v)
are edges in E. The length of a path is the sum of the length of the edges on the path.
Network model of typical small scale mine is presented in Figure 4.
Analyzing a network we can see that there are two haulage paths:



stope-loading point-main decline- ore dump,
development working face-loading point- main decline- waste dump

Obviously, the segment A-B, representing main decline, is common section of these two
paths and it is a segment where collision between two trucks can arisse.
A - A'
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Figure 2. Sublevel mining method for exploitation of bauxite deposit.
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Figure 3. Layout of production level and development of the lower level.

Based on the organization of ore mining in the production level and organization of
development workings to the lower level, periods of time when material is to be transported
from different positions to the surface can be calculated, i.e., time when the segment A-B is
occupied by the one of the two haulage operations (ore haulage from stope and waste haulage
from development of the lower level).
Finally, our problem is defined as follows:
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Figure 4. Network model of an underground mine.




Problem definition: organization of trucks movements without collision
Solution: adequate number of passing bays, spacing of passing bays, waiting time

3.2. Optimal Location of Passing Bay
To simulate the movements of haulage fleet in an operating underground mine it is
necessary to form adequate framework:












gradient of main decline (ramp) is constant,
height of level is constant,
length of main decline is given,
mine trucks travel along decline from loading point to surface, where there are
unloaded, then travel back to loading point,
maximum distance between stope and loading point is given,
all vehicles start and end the shift at the loading point,
net shift time is 7 hours,
production and development are organized by the two shift system,
second shift is critical from haulage point of view; two haulage operations are done
simultaneously,
available time to remove ore from stope is 7 hours,
available time to remove waste from development face is 3 hours and operation is
started at the end of the fourth hour (5,6,7),
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quantities of material per positions are given, i.e., number of haulage cycles per
positions is defined,
LHD and truck speeds are fuzzy, loading and unloading durations are random,
the LHD can service at most one mine truck at a time,
number of LHDs and mine trucks are given,
all mine trucks have the same characteristics,
all LHD vehicles have the same characteristics,
position of loading point is at the bottom of main decline,
positions of stope and development working face are changed over time,
ore and waste dumps are located 100 m from decline entrance

The direction of an ascending truck, going from loading point to the ore/waste dump, is
referred to as out. The direction of a descending truck, coming back from the ore/waste dump,
is referred to as back.
Position of the mine truck on the decline, during one cycle, is defined as follows:

0,
0  t  t 1k

V1k  (t  t1k ),
t1k  t  t1k  t 2 k
~

P (t )   L,
t1k  t 2k  t  t1k  t 2 k  t 3k

V L
 V2 k  t  V2 k  t1k  2 k
 V2 k  t 3k  L, t1k  t 2k  t 3k  t  t 1k  t 2k  t 3k  t 4 k
V1k


t1k  t 2k  t 3k  t 4k  t  t 1k  t 2k  t 3k  t 4k  t 5k
0,
(10)

where
t1k – loading time at the loading point (min),
V1k – truck speed in the out direction (m/min),
t2k – travel time to ore/waste dump (min),
L – length of main decline (m),
t3k – unloading time at the ore/waste dump (min),
V2k – truck speed in the back direction (m/min),
t4k – travel time to loading point (min),
t5k – time needed to truck positioning at the loading point (min),
Loading time of the truck at the loading point is related to the working cycle of the LHD
vehicle and is equal to:
t1k  (t1L 

LSL
L
 t 3L  SL  t 5 L )  N CL
V1L
V2 L

where
t1L – loading time in the stope (min),

(11)
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LSL – distance between stope and loading point (position of the truck),
(m),
V1L – LHD vehicle speed in the direction to the truck (m/min),
t3L – unloading time (min),
V2L – LHD vehicle speed in the direction to the stope (m/min),
t5L – time needed to LHD vehicle positioning in the stope (min),
NCL – number of working cycles of LHD vehicle needed the truck
to be laden

The movements of trucks on the decline can be depicted by a truck graph, see Figure 5.
The horizontal axis represents time and the vertical axis represents position of the truck,
with the ore/waste dumps at the top of the graph and decline entrance on the horizontal line.
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Figure 5. Truck graph.

Checking the shift capacity of the truck is performed as follows:
Nc  Tc  Ts

(12)

where
Nc – total number of working cycles of the truck needed to remove ore and waste,
Tc – time of working cycle of the truck (min),
Ts – net shift time (7 h=420 min),
If equation (12) is not satisfied, it means that more trucks must be employed. Total
number of employed trucks per shift is equal to:
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N 
NT   c   1
 nc 

(13)

where
nc – maximum number of cycles per shift realized by one truck with respect to given
quantities and length of the path
NT must be integer, for example, N T 

N 
Nc
 3,45   c   3  3  1  4 .
nc
 nc 

Obviously, if NT  1 , than there is a possibility of truck collision on the main decline, but
it is a necessary condition.
Suppose there are two trucks at work, A and B. Truck A is laden and leaving the loading
point, truck B is being prepared to loading. If
t5kB  t1kB  t2kA  t3kA  t4kA

(14)

than there is no condition to collision. The time needed the truck A takes a position to loading
is:
t w  t5kB  t1kB  (t2kA  t3kA  t4kA )

(15)

t5kB  t1kB  t2kA  t3kA  t4kA

(16)

If

than there is a sufficient condition to collision. Figure 6 represents the graph of working
cycles of two trucks with collision point.
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Figure 6. Working cycles of two trucks.
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Position of the point of collision is defined as follows:
PC 

(V1k  V2k )  L  V1k  V2 k  (t3kA  t1kB )
V1k  V2k

(17)

It means the passing bay should be located PC meters from active loading point to
surface.
Optimizing the position of point of collision i.e., position of passing bay in an
underground mine is performed by hybrid simulation process. By simulating a system, we
imitate its action in order to measure its response (output) to different inputs. The advantage
of simulating a system is the possibility of replicating its evolution as many times as
necessary in independent conditions. The first objective of the use of simulation in the
evaluation of position of passing bay is to determine the distribution of the PC from the
variables that affect position, which results in its average or the expected value. Relation
between input variables affecting position is described by the equation (17). For each
simulation, the input values and the PC result represent one possible state of nature.
Uncertainties related to input parameters are quantified as follows:
Table 1. Quantification of input parameters
Quantification
LHD vehicle
loading time in the stope (min)

Normal distribution t1L  N , 

~

LHD vehicle speed in the direction to the truck
(m/min)
unloading time (min),

Triangular fuzzy set V1L  V1L

LHD vehicle speed in the direction to the stope
(m/min)
time needed to LHD vehicle positioning in the
stope (min)
Mine truck
loading time at the loading point (min)

Triangular fuzzy set V2 L  V2 L

truck speed in the out direction (m/min)

Normal distribution t3L  N , 

~

Normal distribution t5L  N , 





~
~
t1k  f t1L ,V1L , t3L ,V2L , t5L
~
Triangular fuzzy set V1k  V1k

unloading time at the ore/waste dump (min)

Normal distribution t3k  N , 

truck speed in the back direction (m/min)

Triangular fuzzy set V2k  V2k

time needed to truck positioning at the loading
point (min)

~

Normal distribution t5k  N , 

Simulated values of the PC are obtained by performing the following calculations:





PCs  PC V1k ,V2k , L, t1sk , t3sk ,

where

s  1,2,...,S

(18)
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S - denotes the number of simulations

Once the simulations PCs , s  1,2,...,S have been obtained, they can be used to estimate
the distribution of the PC. Since we use fuzzy numbers to describe vagueness of LHD vehicle
and mine truck speed for position of passing bay then after calculations we obtain a sample of
~
the random variable of fuzzy number ( PCs , s  1,2,...,S ). By applying equation (5), the
S ~s
~
average fuzzy number is obtained ( PC 
PC / S ).



s 1

~

According to equation (9) the defuzzified value of the average fuzzy PC is defined as
follows:
~
PC  E PC 
 

(19)

The waiting time of descending truck pulled off the main decline onto passing bay is:
tW PB   t1kB 

PB  L
L  PB

 t 3kA 
V1k  V1k
V2 k






(20)

where
PB – distance between active loading point and position of passing bay (m)
If PB=PC, than waiting time of descending truck is equal to zero. Simulation process is
also applied to determine the value of the waiting time. For the given location of the passing
bay (PB), waiting time is equal to:





~
tW PB   E tW PB 

(21)

3.2.1. The First Haulage Scenario
The first haulage scenario is related to removal of mined ore from stope. This is a major
haulage operation that lasts entire shift. Suppose the one LHD vehicle and two mine trucks
are employed to perform this operation in order to satisfy planned shift capacity.
According to mining method, which belongs to the set of retreat mining methods,
distance between stope and loading point (LSL) is decreased as stope retreats (see Figure 2). If
we take into consideration that truck is directly loaded from LHD vehicle, than time of truck
loading is also decreased (see equation (11)). The time of truck loading is function of linear
form:
t1k (LSL )  k  LSL  l

where

LSL  min,max

(22)
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 1
1
k  

V
V
2L
 1L


  N CL
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(23)

l  t1L  t3L  t5L  NCL

(24)

Note, the mining is started at LSL=max and finished at LSL=min. If we take into
consideration equation (17) than PC  min,max. In the context of passing bay problem, it is
impossible to construct infinity number of passing bays within interval [min,max]. Because of
that, two positions are analyzed PB  PC  min max . Figure 7 represents the problem of
selection of position of passing bay.

LSL=max

B1

LSL=min

B2

Figure 7. Selection of position of passing bay.

Let B1 be passing bay located at point of collision obtained for the LSL=max,
PB1=PC(LSL=max).
When the stope is at LSL=max, the waiting time of descending truck at position B1 is
equal to zero, tWB1 (LSL  max) 0 . When the stope is at LSL=min, the waiting time of
descending truck at position B1 is less than zero, tWB1 (LSL  min) 0 . Obviously, the position
B1 can be used only once. As the stope retreats to the position LSL=min, point of collision is
moving forward along main decline, leaving behind B1. It means that position B1 is not
suitable for the location of passing bay.
Let B2 be passing bay located at point of collision obtained for the LSL=min,
PB2=PC(LSL=min). According to equation (17), PB2=PC(LSL=min) > PB1=PC(LSL=max). When
the stope is at LSL=max, the waiting time of descending truck at position B2 is of positive
maximum value, tWB2 (LSL  max) max . When the stope is at LSL=min, the waiting time of
descending truck at position B2 is equal to zero, tWB2 (LSL  min)  0 . As the stope retreats to
the position LSL=min, position of B2 is always infront of the position of the point of collision
and waiting time of descending truck is decreasing. It means that position B2 is suitable for
the location of passing bay. Figure 8 represents the waiting time of the descending truck at
passing bay B1 and B2 as a function of stope retreats.
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waiting time

For the obtained position of passing bay, it is necessary to check the capacity of the truck
according to equation (12). The check is done for the cycle with the longest waiting time. If
the equation (12) is satisfied, there is no need to insert additional passing bays, otherwise it it
necessary to insert more passing bays in order to reduce the waiting time and increase the
capacity of the truck.
Waiting time of descending truck at B2 can be reduced by inserting one additional
passing bay within interval PC  min,max. Location of additional passing bay can be set at
the point of collision obtained for the position of the stope in the middle of interval
LSL=[max,min]. By this way, waiting time is reduced by half. Figure 9 represents the way of
time reducing by inserting one additional passing bay.

stope retreats
LSL=min

LSL=max

position of the stope

passing bay at B1
passing bay at B2

Figure 8. Waiting time of the descending truck .

The descending truck (DT) must pull off the main decline according to following plan:

max min 

B3, LSL  max,

2



DT  
max

min


B 2, L  
, min
SL

2




(25)

Waiting time at passing bays are calculated according to equation (20) and (21).

3.2.2. The Second Haulage Scenario
The second haulage scenario is related to removal of mined ore from the stope and waste
from development working face, simultaneously. This scenario is divided into two phases:
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LSL=min

LSL=max

position of the stope

passing bay at B1

passing bay at B2
passing bay at B3
Figure 9. Reducing of the waiting time of the descending truck.




in the first phase, loading point on the active level is also used for loading the waste
from development working face which advances to the lower level,
in the second phase, when the lower level is accessed, the additional loading point is
set on the lower level and it is used for loading the waste obtained from development
workings on the lower level.

The First Phase
Let C1 be passing bay located at the point of collision obtained for the LSL=max and
LDL=min, where LDL=min denotes distance between position of the development working face
and loading point, PC1=PC(LSL=max, LDL=min). Let us see what happens to the waiting time if
the point of collision C1 is used as a passing bay. Waiting time at C1 is equal to zero for
LSL=max and LDL=min, tWC1  0 . In that case, PC1→max, i.e., distance between C1 and
loading point is maximum (see equation (17)). In fact, the t1kB tends to minimun as LDL tends
to minimum. If t1kB→min, than PC1→max.
Figure 10 shows the position of the point of collision depending on the position of the
stope and development working face. This chart indicates that position of the point of
collision depends only on the position of development working face. As the face advances to
the lower level, the position of the point of collision approaches the loading point. It means
that position C1 is suitable for the location of passing.
Next candidate point, which can be location of passing bay is point of collision obtained
for LSL=min and LDL=max, PC2=PC(LSL=min, LDL=max). Waiting time at C2 is equal to zero
for LSL=min and LDL=max, tWC 2  0 . This point is located at minimum distance from loading
point. For LSL=max and LDL=min waiting time at C2 is less then zero.
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position of collision point

Change of waiting time at C1, with respect to the position of the stope and development
working face, is depicted by Figure 11. Position C2 is not suitable for the location of passing
bay. Decreasing of the waiting time at C1 is obtained by inserting the additional passing bay
located in the middle of interval PC1 , PC 2  .

LSL=min
LDL=min
LSL=max

development

LDL=max

stope

position of stope and development

waiting time

Figure 10. Position of the collision point in terms of simultaneous mining and development.

passing bay at C1

development advances
LDL=min

LDL=max position of development

Figure 11. Waiting time at C1 in terms of simultaneous mining and development.
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The descending truck (DT) must pull off the main decline according to following plan:

min max

C1, LDL  min,

2



DT  
C 3, L   min max , max
DL


2



(26)

Waiting time at passing bays are calculated according to equation (20) and (21).

The Second Phase

position (m)

In the second phase there are two independent loading points, one on the active level for
ore loading and one on the lower level for waste loading. Without loss of generality we
suppose the position of the stope and development working face progress at the same "step" If
we take into consideration that stope, on the active level, is approaching the loading point and
development working face, on the lower level, is moving away from loading point, than time
of loading the truck, in the first case, is decreasing and increasing in the second (see Figures
12 and 13).

active level
lower level

point of
collision

time (min)
Figure 12. The first case, t1kA  t1kB
.

Position of the point of collision is defined as follows:

82

Zoran Gligoric


V1k



PC  


V1k




V L


 V2 k  t1kB  2 k B  V2 k  t 3kB  L  V1k  t1kA

V
1k

 t1kA , t1kA  t1kB


V1k  V2 k




(27)
V2 k  L


 V2 k  t 3kA  LB  V1k  t1kB
 V2 k  t1kA 

V1k

 t1kB   L  LB , t1kA  t1kB


V1k  V2 k





position (m)

where LB – distance between loading point on the lower level and waste
dump (m)
Change of position of the point of collision, with respect to the position of stope and
development working face, is depicted by Figure 14.

active level
lower level

point of
collision

time (min)
Figure 13. The second case, t1kA  t1kB
.

The graph shows that point of collision is moving away from its starting position to the
surface and back to the position obtained for LSL=min and LDL=max., i.e., when mining on the
active and development on the lower level are finished. Point of collision D1 obtained for
LSL=max and LDL=min can not be used as passing bay.
Point of collision obtained for LSL= 1/4 max and LDL= 3/4 max is located on the surface,
next to the entrance. It can be used as "passing bay" D2 with maximum waiting time. Waiting
time can be reduced, by about half, by inserting passing bay D3 at the point of collision
obtained for LSL= 3/4 max and LDL= 1/4max.
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position of point of collision
decline entrance
ore/waste dump

position of stope/development
Figure 14. Graph of position of the point of collision.

The descending truck (DT) must pull off the main decline according to following plan:
D3, LSL  max, 3 / 4 max   LDL  min, 1 / 4 max 

DT  D 2, LSL  3 / 4 max, 1 / 4 max   LDL  1 / 4 max, 3 / 4 max 
D3, L  1 / 4 max, min   L  3 / 4 max, max 
SL
DL


(28)

Waiting time at passing bays are calculated as follows:

tW


L
L  PD 
L 
, t1kA  t1kB
  t1kB  B  t3kB 
t1kA 
V1k 
V1kB
V2k 


PD  LB  L  
L  PD 
L

, t1kA  t1kB
  t1kA 
 t 3kA 
t1kB 
V1k
V1k
V2k 



(29)

For the given location of the passing bay (PD), waiting time is equal to:





~
tW PD   E tW PD 

(30)

4. NUMERICAL EXAMPLE
Underground small-scale lead-zinc mine has a problem to organize the haulage of the ore
and waste from the stope and development working face, respectively. The second shift is
very problematic from the point of view of haulage management. One LHD vehicle and one
truck (A) are employed to haul the ore from the stope through the entire shift. In order to
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remove all ore from the stope it is necessary to employ another one truck (B). Truck A and B
are working simultaneously. When the truck B completes duties in the stope, it takes duties
related to the development of the lower level, i.e., haul of the waste. Truck B also does this
operation simultaneously with truck A, using the same loading point and same main decline.
When the lower level is accessed, the truck B will be laden at the loading point located on the
lower level.
For this problem, the input parameters that are required for the solving of the problem are
given in the Table 2. Note, the situation is hypothetical and the numbers used are in to permit
calculation.
Table 2. Input parameters
Input parameters
Active level
Length of main decline
Distance between ore/waste dump
and decline entrance
Total length
Gradient of main decline
Height of level
Maximum distance between stope and loading
point
Minimum distance between stope and loading
point
Number of working cycles of the LHD needed
to load the truck
Number of working cycles of the truck needed
to remove ore
Number of working cycles of the truck A
Number of working cycles of the truck B
Number of LHDs
Lower level
Minimum distance between development face
and loading point located on the active level
Maximum distance between development face
and loading point located on the active level
Length of main decline
Minimum distance between development face
and loading point located on the lower level
Maximum distance between development face
and loading point located on the lower level
Number of LHDs
Number of working cycles of the LHD needed
to load the truck
Number of working cycles of the truck B needed
to remove waste
LHD vehicle
loading time in the stope/waste (min)

Value
+574 m
1579 m
100 m

LHD vehicle speed in the direction to the truck
(m/min)
unloading time (min),

Triangular fuzzy set V1L  (102 105 108) m/min

LHD vehicle speed in the direction to the stope/
face (m/min)

Triangular fuzzy set V2 L  (118 120 122) m/min

1679 m
1:7
8m
200 m
0m
4 cycle
9 cycle
6 cycle
3 cycle
1
+566 m
0m
78 m
1679 +78=1757 m
0m
200 m
1
3
3
Normal distribution t1L  N 1,  0.2 min

~

Normal distribution t3L  N 0.5,  0.05 min

~
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Input parameters
time needed to LHD vehicle positioning
in the stope/face (min)
Mine truck
loading time at the loading point (min)

Value
Normal distribution t5L  N 1,  0.15 min





~
~
t1k  f t1L ,V1L , t3L ,V2L , t5L
~
Triangular fuzzy set V1k  (102 105 108) m/min

truck speed in the out direction (m/min)
unloading time at the ore/waste dump (min)

Normal distribution t3k  N 0.5,  0.05 min

truck speed in the back direction (m/min)

Triangular fuzzy set V2k  (118 120 122) m/min

~

Normal distribution t5k  N 2,  0.2 min

time needed to truck positioning
at the loading point (min)

After 200 simulations, the following positions of the points of collision are obtained; see
Table 3 and Figure 15. Analysis of potential positions shows that only three locations are
suitable for passing bays, these are collision points B2, C1 and D2, see Figure 16. Waiting
time of descending truck pulled off the main decline onto passing bay is shown by Figure 17.
Check of the capacity of the truck has shown that waiting time for Scenario 1 and
Scenario 2-Phase 2 must be reduced by half. The reduction of waiting time is achieved by
inserting two additional passing bays, B3 and D3, see Figure 18.
Table 3. Positions of the points of collision

B1
B2
C1
C2
D1
D2

LSL

LDL

max
min
max
min
max
¼ max

min
max
min
¾ max

Distance from the loading point–
active level (m)
343
1146
1288
1053
816
1586

Schedule of descending mine truck operation is given by the following table.
Table 4. Descending truck operation

Scenario 1
DT
DT
Scenario 2
Phase 1
DT
Scenario 2
Phase 2
DT
DT
DT

LSL

LDL

Passing
bay

Distance from the
loading point–
active level (m)

Maximum
waiting
Time (min)

Average
waiting
time (min)

[200,100]
(100,0]

-

B3
B2

743
1146

7,15
7,15

3,57
3,57

[200,0]

[0,78]

C1

1288

2,97

1,48

[200,150]
(150,50]
(50,0]

[0,50]
(50,150]
(150,200]

D3
D2*
D3

1200
1586
1200

7,68
7,68
7,68

3,84
3,84
3,84

* Position of this "passing bay" is on the surface.
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900

15.37 min

14.3 min

800

B2
700

D1
600

D2

C1

C2

2.9 min
main decline

B1

ore/waste dump
loading point-active
level
Scenario 1 PC min

500
400

Scenario 1 PC max
Scenario 2 Phase 1 PC
max

300
200
100
0
0

200

400

600

800

1000

1200

1400

1600

1800

Figure 15. Graph of obtained positions.
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15.37 min
14.3 min

800

B2
700

D2

C1
2.9 min

main decline
600
ore/waste dump
loading point-active
level
Scenario 1 PC max

500
400

Scenario 2 Phase 1 PC
max
Series9

300
200
100
0
0

200

400

Figure 16. Locations of passing bays.
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18

16
Scenario 1

14

Scenario 2 Phase 1
12

scenario 2 Phase 2

10
8
6
4
2
0
0

500

1000

1500

2000

Figure 17. Waiting time of descending truck.

9

Scenario 1
Scenario 2 Phase 1

8

scenario 2 Phase 2
7
6
5

D2

B2
4

B3
3

D3

2

C1

1
0
0

500

1000

Figure 18. Reduced waiting time of descending truck.
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CONCLUSION
An underground mine is very dynamic system, transforming on the daily basis. In such
environment, management of haulage system is very important and hard task. Ability to
describe behavior of any system plays the key role in management of the system. Hybrid
model of simulation, developed in this paper, represents the combination of random and fuzzy
input parameters, affecting the operation of haulage system. The main component of the
underground mine haulage system is the decline (ramp) which is a single lane bidirectional
road. It means trucks must share road that cannot accommodate more than one truck at a time.
According to this constraint, it is necessary to find optimal positions for passing bays along
decline, where descending truck must pull over and let the ascending truck pass. Change of
position of the stope and development working face, directly affects the duration of the
working cycle of the truck. In that case, position of collision of trucks will also vary along the
decline. If we take into consideration, that we cannnot assign passing bay to each point of
collision separately, than it is necessary to find location of passing bay that will cover as
many points of collision. Model enable us to see, how the position of collision point is
changed with respect to changes of the position of stope and development working face.
Optimal number of passing bays, the spacing of these passing bays and waiting time, are
defined with respect to dynamic nature of the production and development.
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ABSTRACT
This paper presents a new face recognition method using the QR decomposition.
The face recognition method is compared with the face recognition method by the
snapshot Principal Component Analysis (PCA) mainly from the point of the computation
time consumed for the face recognition. The recognition is based on the distance,
measured by the L2 norm, between the vector of the projected test face image and the
vectors of the projected training face images. Specifically, each image is stored in a
vector of size N . Instead of an N  N covariance matrix in the PCA, as in the snapshot
PCA method, Eigenspace is created from a P P covariance matrix, where P is the
number of persons or training images.
Some pattern recognition examples are shown. It is found that the proposed snapshot
QR decomposition method is preferable, in the face recognition, to the snapshot PCA
method.

Keywords: Principal Component Analysis, Face recognition, QR decomposition, Pattern
recognition, Snapshot PCA method

1. INTRODUCTION
The Principal Component Analysis (PCA) is one of the most successful techniques that
have been applied to feature extraction, data compression, pattern recognition and face
recognition, etc. The PCA is known as a statistical method with a relation to factor analysis.
The face recognition can be categorized into face identification, face classification, or sex
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determination. The most useful applications contain crowd surveillance, video content
indexing, personal identification (e.g. driver’s license), mug shots matching and entrance
security, etc. The main idea of using the PCA for face recognition is to express the large onedimensional vector of pixels constructed from two-dimensional face image into the compact
principal components of the feature space [1], [2]. This can be called eigenspace projection.
Eigenspace is calculated by identifying the eigenvectors of the covariance matrix derived
from a set of face images (vectors). The method outlined above can lead to extremely large
covariance matrices. For example, images of size 112 92 combine to create a data matrix
of size N  P , N  10304 , where P is number of persons or training images to be
recognized, and a covariance matrix of size 10304 10304 must be used in the calculation
for the face recognition. This is a problem because calculating the covariance matrix and the
eigenvectors/eigenvalues of the covariance is computationally demanding. Instead of the
PCA, in the snapshot PCA, a P P covariance matrix is used to create the eigenspace rather
than a 10304 10304 covariance matrix.
This paper presents a new face recognition method using the QR decomposition. For the
variance matrix S b of (1) in [3], the QR decomposition is applied as

Sb  Hb HbT  QRRT QT .
In the current method, the P P covariance matrix ' in the snapshot PCA is
factorized by the QR decomposition. Specifically, each training image is stored in a vector
of size N . Instead of the N  N covariance matrix, as in the snapshot PCA method,
eigenspace is created from the

P P

covariance matrix, where
i

P

is the number of persons

or training images. Each of the mean centered vectors ( x ) of the training images is
projected into the eigenspace. The projection of the mean centered training images into the
eigenspace is calculated by (14). Each test image is first mean centered by subtracting the
mean image, and is then projected into the same eigenspace defined by Q . The vector of the
projected test image is compared with every vector of the projected training image. The
vector of the projected training image, that is the closest to the vector of the projected test
image, based on the distance measure, is recognized as the most similar image to the test
image. In this paper, as the similarity measure, the L2 norm is used.
The proposed snapshot QR decomposition method for the face recognition is compared
with the snapshot PCA method mainly from the point of the computation time consumed for
recognizing the test face image, based on the values of the L2 norm, between the vector of
the projected test face image and the vectors of the projected training face images.
In section 2, at first, the PCA is introduced. Then, the snapshot PCA method is explained
from the viewpoint of computer storage memory. Finally, the snapshot recognition method,
based on the QR decomposition, is proposed. In Section 3, to compare the proposed snapshot
QR decomposition method with the snapshot PCA method, three pattern recognition
examples are shown
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2. PATTERN RECOGNITION METHODS
2.1. Image Recognition by Principal Component Analysis (PCA) [2]
In this section, Principal Component Analysis [2] is introduced, since the PCA is a
fundamental technique in pattern recognition. The PCA is implemented, according to the
following steps.
Step (1)
Let each image be stored in an N 1 column vector as





T

xi  x1i  xNi , i  1, 2,, P .
Here,
the

P

P

(1)

denotes the number of persons or training images. Let m be the mean vector of

number of persons or training image vectors x1 ,

x2 ,  x P .

1 P i
m  x .
P i 1

(2)

i

Let x represent the mean centered image vectors, which are calculated by subtracting
i
the mean vector m from the training image vectors x as

x i  xi  m .

(3)

Step (2)
Let us introduce N  P matrix X , which consists of the mean centered vectors x , x
1

2

P

, …, x ,



X  x1



x2  xP .

(4)

Step (3)
Let  be the covariance matrix given by

  XX T .

(5)

Step (4)
Let V consist of eigenvectors corresponding to eigenvalues, which are the diagonal
elements of a matrix

V  V

.

(6)
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Let us introduce an N  P matrix V̂ , where the eigenvectors vi  V , corresponding to
non-zero eigenvalues

i   , are ordered from their large to small values, e.g.


V  [v1 v2  v p ] .

(7)

Step (5)
Let us project each of the mean centered training vectors x i ,

i  1, 2, , P,

into the eigenspace V̂ . This projection is calculated by the dot product of the mean centered
training images with each of the ordered eigenvectors.


~
x i  V T x i , i  1, 2,, P

(8)

Henceforth, the dot product of the mean centered training images x

i

and the first

eigenvectors generates the first component values in the vectors ~
xi .
Step (6)
Let y j be an N 1 vector, which corresponds to the test image. Let y j be the mean
centered vector obtained by subtracting the mean vector m of the training image vectors
from y j .

y j  y j  m , where m 

1 P i
x
P i 1

(9)



Let us project the vector y j into the eigenspace given by V as


~
y j VT y j .

(10)

The projected test vector ~
xi,
y j is compared with the projected training vectors ~

i  1, 2,  P, respectively. The test image with the closest measure to the training
image is found to be the face of the most similar person of the training images, and the
unknown test image is identified. In this paper, as similarity between the training images and
the test image, the measure by the L2 norm is used.
However, the PCA method, described above, leads to the covariance matrices with
extremely large dimensions. For example, for the 112 92 dimensional matrix of the
training image, the dimensions of the matrix X of (4) become 10304  P . The size of the
covariance matrix  of (5) is 10304 10304 . In the PCA method, the calculation of the
covariance matrix might be difficult, because, due to the limited main memory, it is
impossible for the personal computer to storage all the matrix elements of the covariance

A New Face Recognition Method Using QR Decomposition

95

matrix. Hence, the face recognition, based on the PCA, could not be preceded to the next step
of calculating the eigenvalues and the eigenvectors further.

2.2. Image Recognition by Snapshot PCA Method [2]
It is known that, for an N  P matrix, the maximum number of non-zero eigenvectors of

P 1 [5], [6]. From this fact, in the snapshot
PCA method [2], instead of the covariance matrix  of (5), the P P covariance matrix
'  X T X is used. In face recognition, P is the number of persons or training images, so,
usually, P might be smaller than the number of the image pixels, N .
the matrix is the smaller value of N 1 and

Step (1): same as Step (1) in the PCA method.
Step (2): same as Step (2) in the PCA method.
Step (3)
Let

' be the P P covariance matrix given by

'  X T X .

(11)

Step (4)
Let

P P

matrix V ' consist of eigenvectors corresponding to eigenvalues, which are

the diagonal elements of the matrix

'.

'V '  'V '

(12)

Step (5)
Let us order the eigenvectors

vi,  V , corresponding to non-zero eigenvalues 'i  

from their large to small values, e.g.

V '  [v1, v2,  vP, ] .

(13)

Let us project each of the mean centered training vectors x i ,
into the eigenspace. This projection is calculated by

Vˆ  XV ' , Vˆ  [vˆ1

vˆ2  vˆP ] .

i  1, 2, , P,

(14)

Divide the eigenvectors by each norm.

 
vˆ

vi  i , i  1, 2, , P , V  [v1
vˆi



v2  vP ]

(15)
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Let us project each of the vectors of the mean centered training images,

x , i  1, 2, , P, into the eigenspace. This projection is calculated by the dot

product of the vectors of the mean centered training images and the matrix V with the
i

eigenvectors ordered, from their large to small values of the corresponding non-zero
eigenvalues.


~
x i  V T x i , i  1, 2,, P

(16)

Henceforth, the dot product of the mean centered training images and the first
eigenvectors generates the first values in the vectors ~
xi .
Step (6)
Let y j be an N 1 vector corresponding to the test image. Let y j be the vector given



by (9). Let us project the vector y j into the eigenspace defined by V as


~
y j V T y j .

(17)

The projected test vector ~
xi,
y j of (17) is compared with the projected training vectors ~

i  1, 2,  P, respectively in terms of the L2 norm. The test image with the closest
measure to the training image is found to be the face of the same person of the training image.

2.4. Snapshot QR Decomposition Method
In this section, the snapshot QR decomposition method for the face recognition is
presented. As in the snapshot PCA, the snapshot QR decomposition method is calculated
based on the

P P

covariance matrix '  X T X in (11). The QR decomposition of the

matrix ' is calculated as shown in the following Step (4). The calculation steps of the
snapshot QR decomposition method are as follows.
Step (1): same as Step (1) in the PCA method.
Step (2): same as Step (2) in the PCA method.
Step (3): same as Step (3) in the snapshot PCA method.
Step (4)
Let P P covariance matrix '  X T X in (11) be factorized, in terms of the QR
decomposition, as

'  QR

(18)
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Q : orthonormal matrix, R : upper triangular matrix
Step (5)
Each of the mean centered training image vectors x , i  1,
i

2, , P , is projected

into the eigenspace defined by Q as

~
x i  QT x i .

(19)

Step (6)
Let y j be an N 1 vector corresponding to the test image. Let y j be the vector
obtained by subtracting the mean vector m of the training image vectors from y j .

y j  y j  m , where m 

1 P i
x
P i 1

(20)

Let us project the vector y j into the eigenspace defined by Q as

~
y j  QT y j .

(21)

The projected test vector is compared with the projected training vectors respectively
using the L2 norm. The test image with the closest measure to the training image is found to
be the face of the same person of the training image.
In the PCA and the snapshot PCA, the calculation step to order the eigenvectors,
corresponding to non-zero eigenvalues, from their large to small values, is included. In the
snapshot QR decomposition method, proposed in this paper, it is not necessary to order the
eigenvectors constituting the orthonormal matrix Q .
In section 3, numerical experiments are demonstrated, concerning the snapshot PCA
method and the snapshot QR decomposition method. In sections 3.2 and 3.3, as the human
face database, the dataset ORL [4] is used. The ORL face database consists of face images by
40 persons. The 10 face images are stored for each person, and there are 400 face images in
total.

3. PATTERN RECOGNITION EXAMPLES
3.1. Recognition Using 4 Monochrome Training Images with 3 3 Gray
Levels
In this section, an example of the pattern recognition, through eigenspace projection, is
shown. That is, the vector of the projected test image is compared to every vector of the
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projected training images. As a result, the closest image of the 4 training images to the test
image is found.

3.1.1. Images with 3 3 Gray Levels
Figure 1 shows the test image and 4 training images [2]. Here, simple pattern recognition
is performed using the images with 3 3 gray levels. The snapshot PCA method and the
snapshot QR decomposition method are applied to find out the closest image of the 4 training
images to the test images. The similarity between the test image and the training images is
measured with the L2 norm. The training image with the smallest value of the L2 norm,
between the vector of the projected test image and the vectors of the projected training
images, are recognized as the closest to the test image.
3.1.2. Recognition Results
(1) Snapshot PCA Method
Here, the snapshot PCA method is applied to the current pattern recognition problem. It
1

4

is a task to find out the most similar image of the 4 training images, x ~ x , to the test image

y 1 . The values of the L2 norm between the vector of the projected test image y 1 and the
1

2

3

4

vectors of the projected training images, x , x , x , x , are shown in Table 1.

Test image y 1

Training image x 1

Training image x 2

Training image x 3

Training image x 4

Figure 1. Test image and 4 training images.
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Figure 2. Pixel levels in the pattern of the training images and the test image.
(As the value of the level becomes small, the corresponding pattern becomes dark, whereas, as it
becomes large, the corresponding pattern becomes white.)

Table 1. Values of the L2 norm between the vector of the projected test image and the



vectors of the projected training images in terms of the orthonormal matrix V (see (15))
x1
296.04

x2
17.84

x3
507.76

x4
449.39
2

By comparing the values of the L2 norm, the second training image x is found to be
the closest to the test image y 1 . Therefore, the test image y 1 is recognized as belonging to
2

the same class of the second training image x . By viewing the original images, it is seen
2

that image y 1 is very similar to the training image x .

(2) Snapshot QR Decomposition Method
By the snapshot QR decomposition method, the values of the L2 norms, between the
vector of the projected test image and the vectors of the 4 projected training images, are
shown in Table 2.

Table 2. Values of the L2 norm between the vector of the projected test image and the
vectors of the projected training images in terms of the orthonormal matrix Q

x1

x2

x3

x4

296.04

17.84

507.76

449.39

3.1.3. Review of the Results
As a result, the values of the L2 norm by the snapshot PCA method and that by the
snapshot QR decomposition method, between the vector of the projected test image and the
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vectors of the projected training images, are same. Namely, there are no differences in the
values of the L2 norm calculated by the both methods.

3.2. Face Recognition Using Face Images of 9 Persons
In section 3.1, the simulation is implemented by using the simple pattern images with the
3 3 gray levels. In section 3.2, the simulation, using the human face images, is
demonstrated actually. Let us investigate if a difference can be found between the values of
the L2 norm by the snapshot PCA method and those by the snapshot QR decomposition
method.
1st

2nd

3rd

4th

5th

6th

7th

8th

9th

Figure 3. Training face images of 9 persons. The first person is located on the left side of the top and
the second person is on the right of the first person. The 9th person is located on the right side of the
lowest.

101

A New Face Recognition Method Using QR Decomposition

3.2.1. Face Images Used in the Recognition
The training face images of 9 persons are shown in Figure 3. The respective face image
consists of 112 92 pixels.

3.2.2. Test Face Image and Average Face Image
As a test face image, a different face image for the 4th person is used.
The test face image is shown on left side in Figure 4. Also, the average face image of the
9 persons is shown on the right side in Figure 4.
The values of the L2 norm, between the vector of the projected test face image (different
face image of the 4th person) and the vectors of the projected training face images, are
evaluated by the snapshot PCA method and the snapshot QR decomposition method.
3.2.3. Face Recognition Results
(1) Snapshot PCA Method
The values of the L2 norm, calculated by the snapshot PCA method, are shown in Table
3.
( 2) Snapshot QR Decomposition Method
The values of the L2 norm, calculated by the snapshot QR decomposition method, re
shown in Table 4.

(a)

(b)

Figure 4. Test face image (left) and average face image. (a) Different face image of the 4th person.
(b) Average face image of 9 persons.

Table 3. Values of the L2 norm by the snapshot PCA method
1st

2nd

3rd

4th

5th

1.6904
×107
6th

2.1784
×107
7th

1.1704
×107
8th

4.8297
×106
9th

1.4266
×107

3.4602
×107

2.4910
×107

1.4633
×107

1.1314
×107
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Table 4. Values of the L2 norm by the snapshot QR decomposition method
1st
1.3307
×107
6th

2nd
1.8870
×107
7th

3rd
1.1681
×107
8th

4th

4.4732
×107

2.8175
×107

1.8631
×107

1.6848
×107

2.8977
×106
9th

5th
1.7752
×107

3.2.4. Review of the Results
In this section, the recognition experiment is implemented by using 9 human face
images. As a result, it is shown that there are differences in the values of the L2 norm,
between the vector of the projected test face image and the vectors of the projected training
face images, by the snapshot PCA method, when compared with those by the snapshot QR
decomposition method. From Table 3 and Table 4, Figure 5 is illustrated. Figure 5 shows that
the values of the L2 norm by the snapshot QR decomposition method take wider range than
those by the snapshot PCA method. The minimum value of the L2 norm by the snapshot

QR decomposition method for the 4th person is smaller than that by the snapshot PCA
method.

Figure 5. Values of the L2 norm, between the vector of the projected test face image and the vectors of
the 9 projected training face images, vs. person No. by the snapshot PCA method and the snapshot
QR decomposition method.
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1st

2nd

3rd

4th

5th

6th

7th

8th

9th

10th

11th

12th

13th

14th

15th

16th

17th

18th

19th

20th

21th

22th

23th

24th

25th

26th

27th

28th

29th

30th

Figure 6. (Continued)
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31th

32th

33th

34th

35th

36th

37th

38th

39th

40th

Figure 6. Training face images of 40 persons.

Also, in the case of the snapshot PCA method, the computation time for the face
recognition is 22.3900 seconds, whereas it takes 23.3120 seconds when the snapshot QR
decomposition is used. This shows that the snapshot PCA method is slightly shorter than the
time consumed by the snapshot QR decomposition method.

3.3. Face Recognition Using 40 Face Images
In this section, the number of the training face images, used for the face recognition, is
increased from 9 to 40. The aim of this section is to investigate the differences on the values
of the L2 norms and the computation times between the snapshot QR decomposition method
and the snapshot PCA method.

3.3.1. Face Images Used in the Recognition
The training face images of 40 persons are shown in Figure 6.

(a)

(b)

Figure 7. Test face image (left side) and average image (right side). (a) Different face image of the 20th
person; (b) Average face image of 40 persons.
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Table 5. Values of L2 norm by the snapshot PCA method
1st
3.3973
×107
9th
1.5834
×107
17th
3.0524
×107
25th
2.3854
×107
33th
1.4340
×107

2nd
3.1396
×107
10th
2.8016
×107
18th
3.7019
×107
26th
3.6568
×107
34th
3.0112
×107

3rd
1.7561
×107
11th
2.6591
×107
19th
4.1264
×107
27th
4.0635
×107
35th
3.0013
×107

4th
2.0183
×107
12th
4.1492
×107
20th
2.2763
×106
28th
4.2308
×107
36th
3.4373
×107

5th
3.2407
×107
13th
4.1972
×107
21th
1.3410
×107
29th
1.1059
×107
37th
3.9686
×107

6th
2.3841
×107
14th
5.3080
×107
22th
1.8146
×107
30th
1.2135
×107
38th
1.8774
×107

7th
2.1201
×107
15th
2.5246
×107
23th
1.9012
×107
31th
1.5985
×107
39th
1.9782
×107

8th
3.6513
×107
16th
3.0797
×107
24th
1.8559
×107
32th
4.3251
×107
40th
2.9509
×107

3.3.2. Test Image and Average Face Image
As a test image, a different face image of the 20th person is used.
3.3.3. Face Recognition Results
(1) Snapshot PCA Method
The values of the L2 norm calculated by the snapshot PCA method are shown in Table 5.
Table 6. Values of L2 norm by the snapshot QR decomposition method
1st
4.4664
×107
9th
2.1258
×107
17th
6.1591
×107
25th
4.7561
×107
33th
1.7828
×107

2nd
4.1635
×107
10th
3.5083
×107
18th
8.5407
×107
26th
8.3773
×107
34th
5.3056
×107

3rd
3.0336
×107
11th
3.6364
×107
19th
8.2003
×107
27th
8.1160
×107
35th
4.5828
×107

4th
2.9595
×107
12th
8.0604
×107
20th
2.1657
×106
28th
1.0526
×108
36th
7.1514
×107

5th
4.4504
×107
13th
8.5035
×107
21th
1.4268
×107
29th
1.2043
×107
37th
1.0439
×108

6th
2.6020
×107
14th
1.1007
×108
22th
2.3748
×107
30th
1.3225
×107
38th
3.1338
×107

7th
2.8927
×107
15th
3.8379
×107
23th
3.3507
×107
31th
2.3946
×107
39th
3.1198
×107

8th
4.1009
×107
16th
5.6797
×107
24th
2.0323
×107
32th
8.7529
×107
40th
7.0621
×107
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(2) Snapshot QR Decomposition Method
The values of the L2 norm calculated by the snapshot QR decomposition method are
shown in Table 6.
3.3.4. Review of the Results
In this section, the face recognition experiment has been implemented using 40 training
face images. From Table 5 and Table 6, Figure 8 is illustrated. Figure 8 shows that the values
of the L2 norm by the snapshot QR decomposition method take wider range than those by
the snapshot PCA method. The minimum value of the L2 norm by the QR decomposition
method for the 20th person is smaller than that by the snapshot PCA.
It is also interesting, in comparison with the case of 9 training face images, to investigate
on the computation time consumed for the case of the 40 training face images. In the case of
snapshot PCA method, the computation time for the face recognition is 140.9220 seconds,
whereas it takes 112.9840 seconds when the snapshot QR decomposition method is used.
Since the computation time by the snapshot QR decomposition method is fairly shorter than
the snapshot PCA method, the snapshot QR decomposition method is much preferable, in
face recognition, to the snapshot PCA method.

Figure 8. Values of

L2 norm, between the vector of the projected test face image and the vectors of the

40 projected training face images, vs. person No. by the snapshot PCA method and snapshot
decomposition method.
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Throughout the simulation, MATLAB program is implemented by the personal computer
(AMD Athlon™ 64 2 Dual Core Processor 4200+, 2.21GHz, 896 MB RAM).

CONCLUSION
In this paper, the snapshot QR decomposition method is presented. The recognition
method is compared with the snapshot PCA method in section 3. As a result, in the case of
the simulation for the image with 3 3 gray levels, there are no differences on the values of
the L2 norm by the both methods. In contrast, when the human face images are used, the
differences appear in the values of the L2 norm between the two methods. This result might
be caused by using the face training images with 256 of pixel levels in contrast to the case of
using four simple training images with 3 3 gray levels.
In the snapshot PCA method and the snapshot QR decomposition method, the test face
image is correctly recognized for the both cases using the 40 training face images and 9
training face images from the minimum values of the L2 norm between the vector of the
projected test image and the vectors of the projected training images.
By the snapshot PCA method with 9 training face images, it takes 22.3900 seconds,
which might be compared with 23.3120 seconds by the snapshot QR decomposition method.
In the face recognition, the snapshot PCA method is slightly faster than the snapshot QR
decomposition method. Meanwhile, the computation times, in the face recognition using the
40 training face images, are 140.9220 seconds by the snapshot PCA method and 112.9840
seconds by the snapshot QR decomposition method. This indicates, in the case of 40 training
face images, the computation time by the snapshot QR decomposition method is considerably
reduced from that by the snapshot PCA method. The face recognition results are correct and
values of the L2 norm in the snapshot QR decomposition method take the wider range than
in the snapshot PCA method. On the basis of these considerations, the snapshot QR
decomposition method, proposed in this paper, can be applied more efficiently to the face
recognition problem than the snapshot PCA method.

REFERENCES
[1]
[2]

[3]

Moon. H., & Phillips, P.J., (2001), Computational and performance aspects of PCAbased face recognition algorithms, Perception, 30, 303-321.
Yambor, W. S. (2000), Analysis of PCA-based and Fisher discriminant-based image
recognition algorithms, Computer Science Technical Report, Computer Science
Department, Colorado State University.
Ye, J. & Li, Q. (2005), A two-stage linear discriminant analysis via QR-decomposition,
IEEE Trans. Pattern Analysis and Machine Intelligence, 27, 929-941.

108
[4]
[5]
[6]

Seiichi Nakamori and Naoki Yamamoto
Face image database ORL: Visualizing PCA's perfomance in Face Recognition:
http://people.cs.uchicago.edu/~dinoj/vis/orl/
Horn, R. & Johnson, C. (1985) Matrix Analysis, New York, Cambridge University
Press.
Trucco, E. & Verri, A. (1988), Introductory Techniques for 3-D Computer Vision, New
Jeersey, Prentice-Hall.

In: Systems Design
Editors: Jane E. Lynch and Wilbert I. Mitchell

ISBN: 978-1-62081-770-4
© 2012 Nova Science Publishers, Inc.

Chapter 4

DEVELOPMENT OF WIRELESS AUTOMATIC
CHECKING SYSTEM FOR EMERGENCY
LIGHTS VIA INTERNET
Hsiung-Cheng Lin
Department of Electronic Engineering,
National Chin-Yi University of Technology, Taichung, Taiwan

ABSTRACT
This paper develops a wireless automatic checking system for a number of
emergency lights at the same time via Internet. The proposed system can check the status
of emergency lights including the battery with charger using a Microprocessor-based
Detector in a scheduled period. Every emergency light is assigned a respective
identification number. Then, the Nearby Transmitter/Receiver Module can transmit the
checking results to the Remote Transmitter/Receiver Module. Also, the Nearby Computer
is linked with the Microprocessor-based Data Processor that connects with the Remote
Transmitter/Receiver Module via RS232. Using TCP/IP, the Remote Computer can
communicate with the Nearby Computer for a long distance via Internet. Accordingly, all
checking outcomes received by the Nearby Computer can be transferred to the Remote
Computer for monitoring and recording. Furthermore, the Remote Computer can send the
control signals to the Microprocessor-based Detector for a remote real-time checking
operation. Experimental results confirm that the proposed system design presents a good
performance in term of robust, stable, and fast response.

Keywords: GUI, wireless, VB, 8051, Internet

1. INTRODUCTION
Nowadays, a variety of emergency lights are widely installed in public buildings for
safety requirement in case of fire alarm or temporary electricity failure, continuing to supply
lighting electricity for a certain period, e.g. 30 mins. According the fire regulation in most
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countries around the world, such devices must be examined and maintained regularly to
ensure a good working condition. For example, the battery of emergency light should be
checked and discharged for every 3 months. However, even in the same building these
devices are located in different areas. This problem may pose a great difficulty to fully meet
the checking criteria if depending on human only. Unfortunately, the checking responsibility
still relies on human operation today. Therefore, the development of remote automatic
checking capability for such emergency lights is an indispensable issue in industry.
The microprocessor 8051 has been still widely applied in industry since its announcement
in 1980 [1-4]. That is why many microprocessor-related courses still open in electrical fields
in Universities around the world. With increasing demand of industrial e-platform facilities, a
graphical interface and remote communication capability should be considered. In view of
graphical programming, VB has been one of the most popular software packages in graphic
user interface (GUI) design under Windows environment. For example, there are a large
number VB applications or other graphical software packages can be found in a variety of
areas [5-8].
This study describes how to set up a wireless automatic checking system based on 8051
and VB for Emergency Lights via Internet. The proposed system can perform on line realtime monitoring and control function. In the case study for emergency lights checking, the
graphical interface is designed to provide commands to start the checking operation and also
to receive real-time information from the emergency lights on line. Accordingly, the eplatform checking system can not only carry on its own task but also allow remote PC to
monitor or even control the checking process.
This paper is organized as follows. Section 2 gives a profile of the proposed system
hardware structure. Section 3 describes the system software, including GUI, server, client,
and 8051 programming. Particularly, the communication among these devices is
demonstrated and discussed for details. In Section 4, the experimental results are presented to
confirm that the proposed scheme is capable of remote on-line monitoring and control
performance for Emergency Lights checking via Internet. Conclusions and recommendations
are given in Section 5.

2. PROFILE OF THE SYSTEM STRUCTURE
The proposed system structure shown in Fig. 1 is to carry out the wireless automatic
checking for emergency lights via Internet. It can check the status of emergency lights
including the battery with charger using the Microprocessor-based Detector in a scheduled
term period. Every emergency light has its authorized identification number (ID num.).
Therefore, multiple Nearby Transmitter/Receiver Modules can transmit their checking results
or receive the commands to/from single Remote Transmitter/Receiver Module up to 30-50m
wirelessly. On the other hand, the Microprocessor-based Data Processor that receives the data
from the Remote Transmitter/Receiver Module can communicate with the Nearby Computer
via RS232. Using TCP/IP, the Remote Computer can connect with the Nearby Computer for
a long distance via Internet. The main items in the proposed system are described briefly as
follows.

Development of Wireless Automatic Checking System …

RS232 Microprocessor
-based data
Processor

TCP/IP

Remote PC
(Client)

Remote
Transmitter/
Receiver
Module

Nearby PC
(Server)
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Transmitter/
Receiver
Module

Microprocessorbased Detector

Nearby
Transmitter/
Receiver
Module

Microprocessorbased Detector

Nearby
Transmitter/
Receiver
Module

Microprocessorbased Detector

.
.
.

.
.
.

Emergency
Light
(0)

Emergency
Light
(63)

Emergency
Light
(127)

Data Processing Side
Checking Side

Figure 1. The proposed Wireless Automatic Checking System.

1. Remote Computer: It is known as the client, and can perform the same task as the
Nearby Computer using TCP/IP, achieving remote monitoring and control capability.
2. Nearby computer: It is known as the server, and can send checking commands and
also receive the checking results to/from the Microprocessor-based Detector.
3. Microprocessor-based Data Processor: It is the interface between the Remote
Transmitter/Receiver Module and Nearby Computer. The checking results are
received from the Remote Transmitter/Receiver Module and then transmitted to the
Nearby Computer. On the other hand, the commands from the Nearby Computer can
be forwarded to the Nearby Transmitter/Receiver Module and transmitted to the
Microprocessor-based Detector for further process.
4. Nearby Transmitter/Receiver Module: By this module, all checking results from the
Microprocessor-based Detector are received and transmitted to the Remote
Transmitter/Receiver Module. Besides, it can also receive the commands from the
Remote Transmitter/Receiver Module.
5. Remote Transmitter/Receiver Module: It can receive checking results from multiple
Nearby Transmitter/Receiver Modules simultaneously.
6. Microprocessor-based Detector: It is to perform the examination of light, battery and
charger.
7. Emergency Light: It consists of the light, the battery with a charger. Normally, it will
be turned on immediately in an emergency case once the power supply fails
unexpectedly.

2.1. Nearby Transmitter/Receiver Module
The Nearby Transmitter/Receiver Module is developed using TG-11 wireless module
with HT-12D (Encoder) and HT-12E(Decoder), shown in Fig. 2. The PA and PB of 8255
(Programmable Peripheral Interface) provides 8-bit ID num., i.e., 00000000-11111111. The
data (checking results) is transmitted from the PC3  PC0 of 8255, shown in Table 1. The
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PC7  PC 4 of 8255 is to receive the commands from the Remote Transmitter/Receiver
Module, shown in Table 2.
Antenna

Transmitted
Signal
8
1-8

Antenna

1

TG-11 315MHz6
Transmitter

HT-12E
Encoder

17

ID Num.
(0-127)
Data

10-13
1-8
1

TG-11 315MHz
2
Receiver

HT-12D
Decoder

14

10-13

D7,D0
PC3,PC0

4
8

8255

ID Num.
(128-255)
Data

Received
Signal

PA7,PA0

PB7,PB0

PC7,PC4

4

Figure 2. Nearby Transmitter/Receiver Module.

Table 1. Codes of checking status
PC3  PC0
0000
0001
0010
0011
0100
0101
0110
0111

Battery
Good
Good
Good
Good
Bad
Bad
Bad
Bad

Light
Good
Good
Bad
Bad
Good
Good
Bad
Bad

Charger
Good
Bad
Good
Bad
Good
Bad
Good
Bad

Table 2. Command code
PC7  PC4
0000

Function
Battery discharge

2.2. Microprocessor-Based Detector
The Microprocessor-based Detector shown in Fig. 3 consists of 8051, 8255, A/D
Converter (ADC0804), Relay Circuit, and Light Detector. The commands from the remote
computer can be received and processed in 8051. Also, the checking results in 8051 can be
sent to the client. For example, the battery voltage level is converted and input to 8051 via
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A/D converter. The light status is received from the Light Detector to 8051 directly. These
results can be sent to the Data Processing Side. More details for Relay Circuit and Light
Detector are given as follows.
8
ID Num.
(0-127)
Data
4
8
ID Num.
(128-255)
Data

PA7,PA0

8
D7,D0
Data line

PC3,PC0

8255
PB7,PB0

8

P1.7,P1.0
P0.7,P0.0
P3.3,P3.0

8051

5
P2.4,P2.0
Control line

6

A/D
1-3,5
Converter
4
Control line (ADC0804)

P2.5
P2.6

PC7,PC4

DB7,DB0

Data line

4

1

Discharge Signal

1

Light Signal

Battery Level

Relay
Circuit

Emergency
Light

Light
Detector

Figure 3. Microprocessor-based Detector.

a. Relay Circuit
The Relay Circuit shown in Fig. 4 is to receive the command signal from 8051 to
discharge the battery for extending its operation life and also checking the light condition.
The transistor (CS9013) is used to drive the relay for starting the discharging task.
+Vcc
Relay
N.C.
N.O.

1N4001

8051 P2.5
(Discharge Signal)

Emergency
Light

CS9013
1K

Figure 4. Relay Circuit.

b. Light Detector
The Light Detector is to check the light condition, shown in Fig. 5. The adjusting resistor
(50k) is used to vary the sensitivity of light detection. According to equ. (1), Q1 will be
triggered and turned on whenever the light is on at a good condition, i.e., Vcds  4.11V . The
Q 2 , Q 3 and Q 4 is thus driven on sequentially. As a result, the resistor 1k will be shorten,

and it results in the output VH =1. In case of light malfunction or at a bad condition,
Vcds  3.9V according to equ. (2) and the output VH =1.
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.
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.
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.
.

Q1
.

50k
Buffer

3k

。 VH
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.
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Not

Q4

2k

.
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Figure 7. Light Detector.

5.43k  1k
 5  0.7  4.11(V)
3k  5.43k  1k
5.43k

 5  0.7  3.9(V)
3k  5.43k

VQ1H 

(1)

VQ1L

(2)

2.3. Microprocessor-Based Data Processor
Fig. 6 shows the Microprocessor-based Data Processor that consists of 8051 and 8255.
Based on PA7  PA0 of 8255, the commands from the client or server using ID num. 128-255
can be sent to the Nearby Transmitter/Receiver Module via the PC3  PC0 of 8255. It also

inquires the checking results from each Emergency Light in turn, transmitting the ID Num. (0127) via the Remote Transmitter/Receiver Module sequentially. Therefore, the PB7  PB0 of
8255 can receive the checking results from the Nearby Transmitter/Receiver Module via
PC7  PC4 of 8255 continuously.
8
P1.0,P1.7

PA7,PA0

8
D7,D0
Data line

TCP/IP
Remote PC

RS232
Nearby PC

ID Num.
(128-255)
Data

PC3,PC0

8051

P2.0,P2.4

5
Control line

4
8

8255
PB7,PB0

PC7,PC4

ID Num.
(0-127)
Data
4

Client

Server
Microprocessor-based Data Processor

Figure 6. Microprocessor-based Data Processor.
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2.4. Remote Transmitter/Receiver Module
The Remote Transmitter/Receiver Module has the same hardware structure as the Nearby
Transmitter/Receiver Module, shown in Fig. 7. However, it can transmit ID Num. (8 bits),
i.e., 128 to 255, and 4-bit command to the authorized Nearby Transmitter/Receiver Module.
Also, it can transmit ID Num. 0-127 to receive the checking results from its respective
Nearby Transmitter/Receiver Module.
Transmitted
Signal

Antenna

8
PA7,PA0
D7,D0
PC3,PC0

8255

ID Num.
(128-255)
Data

HT-12E
Encoder

1
17

6

TG-11 315MHz
Transmitter

2

TG-11 315MHz
Receiver

Antenna

10-13

4
8

1-8

PB7,PB0

PC7,PC4

1-8

ID Num.
(0-127)
Data

HT-12D
Decoder

1
14

10-13

4

Received
Signal

Figure 7. Remote Transmitter/Receiver Module.

3. SYSTEM SOFTWARE
3.1. Graphical Human-Interface

Figure 8. Front panel of nearby computer.
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The front panel of nearby computer (server) is written by VB 6.0, shown in Fig. 8. It
provides the information of checking results from a variety of Emergency Lights. The system
allows both real-time manual and automation operation. In automation mode, the checking
schedule can be arranged in advance. Once the “System Start” is pressed, the 8051 will be
connected with the server immediately. For Web connection, the server will connect with the
client by pressing “Start Connection” using TCP/IP.

3.2. Server Programming
The flowchart of server programming is shown in Fig. 9, and described briefly as
follows.
a) Load last setting or re-setting.
b) Check if the client requests the connection. If yes, send the data to the client.
Otherwise, go to next step.
c) Choose the manual or automation mode.
1. Manual mode:
i.
ii.
iii.
iv.
v.

Check if the manual operation is requested from the client. If yes, go to Step (iii).
Otherwise, go to next step.
Check if the manual operation is activated. If yes, go to next step. Otherwise, go back
Step (i).
Send manual commands to 8051.
Check if any feedback is received from 8051. If yes, go to next step. Otherwise, go
back to Step (iii).
Check if the client is connected. If yes, send the data from 8051 to the client.
Otherwise, go back to Step (i).

2. Automation mode:
i.

Check if the Automation mode is selected. If yes, go to next step. Otherwise, repeat
the same procedure.
ii. Start Automation mode, and send the control signals to 8051 following up the
scheduled time.
iii. The system is on Automation mode until the system is turned off.

3.3. Client Programming
The flowchart of client programming is shown in Fig. 12, and its main procedure is
briefly described as follows.
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start

Load last settings

Check if connection
requested by Client?

NO

YES
Transmit data to
Client via
Winsocks

Manual request
from Client?

NO

YES

Automation
on?

NO

YES

Manual
mode?

Automation
operation

NO

YES
Send manual
command to
8051

Automation
off?

YES

NO

NO

Feedback
received from
8051?
YES

NO

Client
connected?
YES
Feedback (from
8051) transmited to
Client

Figure 9. Flowchart of server programming.

a)
b)
c)
d)

Set IP address of the server for Internet connection, including the channel port.
Check if the connection with the server is requested. If yes, go to
next step. Otherwise, go back to Step (a).
Check if the connection is successful. If yes, go to next step.
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e)
f)
g)
h)

Otherwise, go back to Step (b).
Receive data from the server via Winsocks.
In this step, two operation branches are working independently,
as follows.
start

Set IP and channel
port

NO

Request connection
with Server?

YES

NO

Connection
is successful?

YES

Receive datas from
Server via Winsocks

NO

Automation on?

Manual mode?

YES

YES

Send command to
Server

Send command to
Server

NO

Automation
off?
YES

Figure 10. Flowchart of client programming.

NO
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Branch 1: Manual mode
i.

Check if the manual operation is requested. If yes, go to next step. Otherwise, repeat
the same procedure.
ii. Send commands to the server.
iii. Go back to Step (i).
Branch 2: Automation mode
i.

Check if the automation operation is requested. If yes, go to next step. Otherwise,
repeat the same procedure.
ii. Send commands to the server.
iii. Operate Automation mode until the system is turned off.

3.4. 8051 Programming of Microprocessor-Based Data Processor
The microprocessor (8051) in the Microprocessor-based Data Processor is to construct
the bridge for communication between the server and Remote Transmitter/Receiver Module.
The programming flowchart is shown as Fig. 13.
a) Set COM1 as the serial communication with the outside world. SCON is set to as
transmission mode 1, and TMOD is set as timer mode 2. For details, see Table 3.
Table 3. Register setting status

SCON
50H

TMOD
20H

SMOD
1

TH1
FDH

Bps
9600

TI
0

RI
0

b) Continue the Step (b) until the connection request from the server is received and
then go to next step.
c) The data (amount of both feed and water) is read to the p2 of 8051 from A/D
converter, and it is stored temporarily in the serial port buffer (SBUF) ready for
transmission to the server.
d) Go back to Step (c) until upon complete transmission of data from UART serial port
(TXD) to VB (server), and TI will be set to 1.
e) Set time delay.
f) Read the SBUF data (feeding amount and time schedule) received from the VB.
g) Go back to Step (f) until upon complete data receiving, and RI will be set to 1.
h) Operate the command.
i) Go back to step(c) until the system is turned off.
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Start

Initialize serial
communication

NO

Receive connection
request from server?

YES
Write data (sensor
status) to SBUF
from A/D converter

NO

Data transmitted to VB is
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YES
Time Delay

Read SBUF data
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NO
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complete (RI=1)?

YES
Operate command

NO

System stop?

YES
Stop

Figure 11. Flowchart of 8051 programming.
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3.5. Connection between Client and Server
The communication mechanism between the client and server via Winsocks is shown in
Fig. 14.
A: Connecting process
a) The server is waiting for the connection request from the client when it operates
“Listening” function.
b) The client operates the “Connect” function to request the connection with the server.
c) Once receipt of connection request by the client, the server will soon activate the
“ConnectionRequest” event.
d) The sever operates the “Accept” function.
e) After the connection is complete, the “Connect” event in the client is thus activated.
B: Data transmission
a) Once the connection is successful, any side (server or client) can operate “SendData”
function to send data to the other side
b) The “DataArrival” event is activated.
c) The receiving end can use “GetData” function to pick up the data.
d) Any side can use “Close” function to disconnect the connection.
Server

Client

Winsock

Winsock

1. Listen
2. Connect
3. Connection Request
4. Accept

5. Connect

a. Send Data

b. Data Arrival
c. Get Data

b. Data Arrival
c. Get Data

a. Send Data

Figure 12. Communication method between the server and client.

4. EXPERIMENTAL RESULTS
(a) Connect Sever with 8051
The first step to implement the proposed system is to connect server with 8051 via
RS232. Once the “Start System” button, shown in Fig. 8, is pressed, the connection will be
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operated immediately whenever the 8051 is standby. Fig. 13 indicates the implementation
status after this step is complete.

Figure 13 Startup of system connection.

Figure 14 Setting of Automatic Control Panel.

(b) Set Automatic Control Panel
The Automatic Control Panel, shown in Fig. 14, is to present more flexible and friendly
human-operation interface. The checking time schedule can be set/modified, providing such
as Add, Delete, Clear All and Exit.
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(c) Save and Load Setting
In Fig. 15, the new setting of checking time schedule can be stored in the preferred route
by pressing “Save” button.

Figure 15. Save new setting.

Figure 16. Front panel of client after Web connection.
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(d) Connect Client with Server
The real-time operation of the proposed system in the client after connection is shown in
Fig. 16, same as the server panel in Fig. 13.

CONCLUSION
Although emergency lights must meet the fire regulation in most countries around the
world, it is still a very difficult task to be realized due to heavily depending on human
operation today. Therefore, this paper has developed a remote automatic checking system for
a number of emergency lights at the same time successfully. In the case study of emergency
lights checking, the graphical interface authorizes the users to operate the checking system on
line in a remote computer. Accordingly, the e-platform checking system allows the client to
carry out a real-time monitoring and even control process.
The proposed scheme in deed provides a sufficient background needed for
electrical/automation engineering students or engineers in understanding microprocessorbased control system with Internet-based graphical monitoring and control capability.
Particularly, this paper introduces illustrative techniques for data (control or monitoring
signals) transmission among the server, client, and microprocessor (8051) using the GUI.
Furthermore, the paper provides the idea for instant data transmission and receiving using
wireless modules so that it is easy to be extended to another automation disciplines.
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Chapter 5

DESIGN AND MODEL OF A SERIES HYBRID
PROPULSION SYSTEM
FOR A LIGHT URBAN VEHICLE
Felipe Jiménez* and José María López
Universidad Politécnica de Madrid, University Institute for Automobile Research, Insia,
Campus Sur UPM, Madrid, Spain

ABSTRACT
This chapter presents the model of the components of a hybrid propulsion system
and their integration of a light urban vehicle. This concept of vehicle originated from
a specific requirement to design a vehicle with a concrete application: to collect used
batteries from urban bus-shelters. The propulsion system is a series hybrid configuration
with an internal combustion engine as the main charge source for the power batteries
feeding an electric motor. The system is also fitted with a regenerative brake and solar
panels to recharge the batteries.
The models of the components try to describe the internal processes that take place
in them, so they are modelled in detail. More specifically, a complete internal combustion
engine is developed considering the following submodels: Air intake model, Fuel
injection model, Air-fuel mixture model, Combustion model, Vehicle dynamics model,
Exhaust Gas Recirculation (EGR) model and Vapour Canister Purge (VCP) model. The
model of the batteries gives information on the state of charge (SOC) at any time and
calculates the changes in stored energy as a result of: charge and discharge cycles, selfdischarge and variations in temperature. Finally, control strategies are proposed.
The model can be used with two main purposes:



During the design phase, it can be used for components selection according to the initial
specifications.
It can also be used to evaluate the vehicle performance under different operating
conditions.

Keywords: Hybrid vehicle, series configuration, greenhouse effect, battery, solar panel
*
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1. INTRODUCTION
The current trend towards increased mobility in the most advanced societies runs counter
to the criteria for controlling the greenhouse effect, local pollution and the exploitation of fuel
resources.
If energy policies remain as now, world energy demand will have grown by 65% and
CO2 emissions by 70% between 1995 and 2020 [1]. The IEA is investigating two possible
solutions, one based on regulation to confront pollution and another based on increasing fuel
prices. The first solution would achieve a reduction in CO2 emissions of around 50%. The
other half of the reduction in emissions would be achieved by replacing the fossil fuels used
to generate electrical energy by non-fossil fuels. The second scenario contemplates a levy on
the price of fossil fuel depending on its carbon content. This additional charge would be
sufficient to reduce CO2 emissions by half, the amount required to meet the Kyoto objectives.
However, a 12 to 15% increase is predicted in the number of world population becoming
motorised by 2020 [2]. This would see an increase in the demand for primary energy, and if
fossil energy is used, it will mean a major increase in local emissions (nitrogen oxides NOX,
carbon monoxide CO, unburnt hydrocarbons HC and particles matter PM) and in the
corresponding greenhouse gases emissions.
The European Commission’s goal is for mean carbon dioxide emissions to settle at
around 120 grams per kilometre in the year 2010. The three main instruments for reaching
this goal are: commitment from the car industry, vehicle labelling and tax instruments [3][4].
In recent years, many studies have been carried out to assess and compare fuel
consumption reduction or fuel economy potentials for conventional and advanced
technologies options [5][6][7].
The sustainability of the transport sector will depend heavily on the introduction of
technologies to reduce polluting emissions and the consumption of fossil fuels. Strategies
have recently been put forward that are interrelated with the intention of reducing both local
emissions and the greenhouse effect. The solutions put forward [8] include:






Reciprocating internal combustion engines
Exhaust treatment
Hybrid and battery electric powertrains
Fuel cells
Transmissions

Hybrid propulsion systems were proposed many years ago as a feasible and efficient
solution for reducing consumption and emissions [9][10][11][12]. This work proposes the
design of a hybrid propulsion system in a special urban scope vehicle for the city of Madrid
(Spain). A simulation model has also been developed to facilitate evaluating the performance
and features of the vehicle’s powertrain as well as a tool to aid designing the vehicle.
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2. VEHICLE SPECIFICATIONS AND LAYOUT
The design of the vehicle presented in this chapter is aimed at a specific application. The
two-seat vehicle with a load bay in the rear (figure 1), is designed to collect used batteries
from urban bus-shelters in large cities. The vehicle has been devised to have a hybrid
propulsion system which in order to attain an acceptable energy efficiency combines a
internal combustion engine, an electric motor, storage cells and solar panels. The vehicle has
a rear-wheel drive, must reach 50 km/h and have an electrical autonomy of at least 30
kilometres.
Of the usual hybrid configurations (series, parallel, power-split and srigear configurations
[13]), the series configuration has been chosen, which unlike other applications enables an
exact control of the power transfer to be had at any instant so its operation can be optimised
for ultra-low petrol consumptions or even zero if circumstances require this. In addition, this
configuration is optimum for urban operation with many short journeys with stops where
power requirements are not excessive. Thus, the drive is provided by the battery-fed electric
motor or the generator- internal combustion engine set. The ultimate objective is to replace
the internal combustion engine by a fuel cell, a technology under development that has been
identified as one of the most promising solutions for vehicle propulsion.
This series configuration involves the following basic energy management:





The main storage source of the electrical energy is the power batteries (high voltage),
that feed the electric induction motor through the inverter, whose mission is to
transform direct current into three-phase alternating current according to the needs of
the electric motor.
The internal combustion engine operates the electrical generator. Part of this energy
drives the electric motor and the surplus is stored in the batteries.
The batteries are also recharged when the electric motor regains energy during
braking (regenerative braking).

Figure 1. General view of the vehicle designed.
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In addition, the client’s specifications refer to other aspects of energy management such

as:





It must be possible to externally charge the batteries from the 220 V AC mains
supply.
Solar panels are included to supply additional energy, either to the low voltage circuit
(vehicle accessories, control electronics, etc) when the vehicle is in motion, or to the
power batteries when the vehicle is stationary and these batteries are not fully
charged.
The driver, as well as having access to the vehicle’s standard accessory controls
(lights, radio, air conditioning, etc) must be able to control features related to
propulsion system management like regenerative braking or disabling the
combustion engine regardless of the battery state of charge for circulation in zones
requiring zero pollution levels.

3. SIMULATION MODEL
Preliminary studies on the usual working conditions of this type of vehicle allow an
initial sizing to be made for the vehicle parts. On the other hand, there are numerous
mathematical models of hybrid propulsion systems [14][15][16][17][18][19][20][21][22]
There are also advanced techniques for choosing the propulsion system for a hybrid vehicle,
defining the energy control strategy and studying the sensitivity of different solutions on
variables such as consumption [23][24][25][26][27][28][29][30][31][32]. However, the
particular configuration of the vehicle designed, fitted with solar panels in addition to the
series hybrid structure, together with a need to set control strategies that conform to pre-set
energy management specifications, and a requirement to simulate working in line with
variables that would be measured when the prototype is built, justify developing a specific
simulation model capable of evaluating hybrid propulsion system performance in this series
configuration.
The computer tool used to design the models is Matlab/Simulink. The model comprises
modules that represent the different parts making up the vehicle. Simulating the whole
enables the influence that the driving cycle, the control strategy, and the subsystems forming
the powertrain have on energy and fuel consumption.
Figure 2 shows a general schematic outline by blocks of the full simulation model.
Starting out from a set cycle speed the torque and speed requirements demanded of the
electric motor are calculated according to the vehicle data. For the electric motor model, the
electric power consumed to provide the required torque and speed is calculated. The batteries
model determines the state of charge in line with the power levels demanded by the engine
and other loads, and the power released by the motor/generator set and the solar panels.
Internal combustion engine ignition is controlled by the battery state of charge, depending on
the energy management strategy.
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Figure 2. Matlab/Simulink model of the series hybrid configuration.

Below, we go on to describe the most relevant blocks of the developed model.

3.1. Calculating the Torque and Speed Required
The performance that will be demanded of the electric motor is estimated from the
operating conditions. The input signals to the motor are speed and acceleration. The mission
of this block is to determine at what point of its torque-speed curve the electric motor should
be situated at every instant in order for the vehicle to follow the set cycle.
The resistances considered are expressed in the following classic form:

R

1
   C x  A f  v 2  M  g   f r  sin   a 
2

(1)

where ρ is air density, Cx the aerodynamic coefficient, Af is the front area of the vehicle, v is
vehicle speed, M is vehicle weight, g is gravity acceleration, fr is the coefficient of rolling
resistance, θ is the ramp and a is vehicle acceleration.
Transforming wheel variables to engine variables is done by means of the following
expressions:
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Engine speed n 

30  v  
  re

(2)

R  rc
 

(3)

Engine torque T 

where re is effective tyre radius, rc is the radius under load, ξ is the transmission ratio and η
transmission performance.

3.2. Motor-Generator Set
A internal combustion engine running as part of a hybrid application allows for greater
efficiency, as it is no longer necessary to optimise a wide range of engine speeds or be
oversized in order to meet the severest operating requirements since other energy sources
absorb these peaks [13].
The engine model is divided into various subgroups:










Air intake model. This calculates the airflow mass entering the cylinders ( a) and the
intake pressure (padm) from the position of the accelerator throat () and the engine
speed (n).
Fuel injection model. Calculates the fuel mass flow entering the combustion chamber
( f) from the injection time (ti) and the engine speed (n).
Air-fuel mixture model (parameter λ). This calculates the actual value of  from air
mass flows ( a) and fuel mass flows ( f).
Combustion model. Given , mass flow ( a), intake pressure (padm) and the engine
speed (n) the brake power (N) is calculated.
Vehicle dynamics model. Given the brake power (N), the engine speed (n) is
calculated.
Exhaust Gas Recirculation (EGR) model. Given the intake pressure (padm) and the
engine speed (n) the exhaust mass flow is calculated.
Vapour Canister Purge (VCP) model. Given the intake pressure (padm) and the
external pressure (pext) the fuel vapour mass flow is calculated.

The interconnection of the different blocks is shown in figure 3.
The new systems included in this engine model are the Exhaust Gas Recirculation (EGR)
subsystem and the Vapour Canister Purge (VCP) subsystem. Exhaust Gas Recirculation
(EGR) is controlled by a subsystem of the engine electronic control system that regulates the
amount of exhaust gases returning to the cylinders. The temperature on the inside of the
cylinders can reach over 1,650 ºC under normal operating conditions. High temperatures
increase nitrogen dioxide emissions (NOx). A small amount of exhaust gases (between 5 and
20% as shown in figure 4) enters the cylinder diluting with the air from the intake. The result
is a drop in the mean temperature, and therefore in NOx emissions.
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Figure 3. Engine blocks diagram.

Figure 4. EGR map.
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The control algorithm determines when the EGR valve should open or close. The valve
must remain closed during ignition, when the engine is cold, ticking over, during rapid
accelerations or in other circumstances requiring a high torque. The EGR control signal is
determined taking account of the engine speed (n), the temperature of the coolant and the load
level (intake pressure). The EGR signal can control the valve opening which is detected by a
positional sensor or a differential pressure sensor [33]. This sensor sends an electric signal
needed for the open loop injection to know at any one time the amount of exhaust gases recirculating and take action to ensure the right air/fuel ratio. The electronic control unit (ECU)
calculates the required EGR flow according to the operating conditions of the engine and uses
the difference between this number and the actual EGR flow as the input to a digital filter,
whose output determines the percentage amount of the duty cycle of the signal applied to the
EGR valve [34], the air intake block has to be modified.

ma  maint ake valve 1  %EGR 

(4)

where maint ake valve is the air mass flow throw intake valve.
The model also include a subsystem to regulate the fuel vapours entering the engine from
the canister vent, and the adjustment needed to the injector control signal due to the additional
fuel vapour.
The total mass flow purged is calculated by using Bernoulli’s equation for a section:

mp  Aeff

P 
f  adm 
RT0  P0 
P0

(5)

where Padm is the intake pressure, P0 is the external pressure and Aeff is the effective area and
depends exclusively on the solenoid valve duty cycle (vdc). It can be approximated to an
equation by determining its parameters experimentally [35]:

Aeff  5 10-5  vdc0,8 -8 10-6  vdc

(6)

where vdc is the valve control signal, which is 0 when the solenoid valve is fully closed and 1
when it is fully open.
The engine control instructions should let it work at its optimal operational condition.
Since the generator will only have one operational stage, its behaviour can be simulated by
inserting its performance at that stage. Depending on the state of charge, the ignition control
takes over a block called the “Engine control” and must deal with the additional loads that
may be caused by the air-conditioning while keeping the engine speed constant. Figure 5
shows this control over the engine. The situation of the engine being switched off is also
considered. Cold engine behaviour can be simulated by applying corrective coefficients to its
running under standard operating conditions [36].
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Figure 5. Internal combustion engine control.

3.3. Batteries
As electrochemical storage components, batteries present many uncertainties when
evaluating their performance and a substantial variability when different parameters are
changed. [37][38]. Phenomena of hysteresis, variations in capacity according to temperature,
variations in useful life depending on the extent of discharge, etc. are all difficult to evaluate.
Many attempts have been made to model battery performance ([36][39][40][41][42], among
others). The objectives to be met by any battery model for simulating an electrical hybrid
vehicle powertrain are as follows:








To give information on the state of charge (SOC) at any time. This parameter is
essential since hybrid vehicle control strategies are based on this for evaluating
electrical autonomy.
To describe battery energy, power, voltage, current and efficiency as a function of
state of charge during the changing charge/discharge conditions of a driving cycle.
To calculate the changes in stored energy as a result of:
– Charge and discharge cycles.
– Charge recovery during regenerative braking.
– Self-discharge.
– Variations in temperature.
To determine the limits for the batteries to accept charge.
To incorporate a thermal model to allow estimating the variations in temperature
according to the different control strategies.
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Figure 6. Relation between open circuit voltage and state of charge (6V 20 Ah Orbital HEV modules).

Figure 7. Discharge curves under constant current.

The simplest simulation models use an equivalent circuit comprising an internal
resistance (which varies during the life of the battery [37]) in series with an ideal voltage
source, even if dynamic models include condensers in the equivalent circuit [43]. The main
drawback to this is estimating the characteristic parameters of the circuit elements. The state
of charge is calculated as the quotient between the surplus energy and the maximum energy
the batteries can supply, which, in turn, depends on the charge or discharge rate. Although the
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state of charge of the batteries can be evaluated from the open circuit voltage with which
there is a linear relationship [37] as figure 6 shows, or from the constant discharge rate curves
(figure 7), these measurements are unacceptable during in-vehicle use and other procedures
have to be used [38]. Different alternatives that attempt to resolve the dependence of capacity
on the rate of discharge can be found in the bibliography. So, while methods can be found to
calculate discharge in respect of the capacity corresponding to the average rate of discharge in
an interval of time [44], others refer the magnitudes to a reference current using corrective
coefficients [45] and among the latter there are developments that take account of electrolyte
dispersion during pauses [38].
To evaluate the state of charge a balance of powers is conducted to calculate the power
the batteries need to supply or receive. The state of charge calculation (SOC) is performed
from the battery’s state of charge at the instant prior to the direct count of the amperes-hour
input or output of the batteries.

SOC2  SOC1  SOC

(7)

Figure 8. Charge and discharge performance curves depending on SOC.
t

SOC 

 Idt
0

(8)

Cn

where Cn is battery capacity according to discharge rate. For cases where the current is being
extracted from the batteries, capacity is calculated using Peukert’s equation, I  t  C ,
where C is a coefficient of adjustment and n is Peukert’s exponent, depending on battery type
n
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[37]. When current is being input to the battery, a value of Cn = Ccharge, is used, a constant that
is adjusted in line with test results.
Apart from calculating the ampere-hours consumed, loss power must be determined as
this will be responsible for heating the electrolyte. For this purpose, the charge and discharge
performance curves are applied according to the SOC, as shown in figure 8.
In the thermal model included to estimate the variations in temperature of the battery
pack, this temperature changes in line with the following equations:

Pcool 

T  Tout
Rbat _ therm

dT Ploss  Pcool

dt
Cbat _ therm

(9)

(10)

Resulting in:


 T  Tout  
dT
1


  Ploss  
R

dt Cbat _ therm 
bat
_
therm



(11)

where Tout is the outdoor temperature, Pcool is the cool power, Ploss is the power losses,
Cbat_therm and Rbat_therm are respectively the capacity and the thermal resistance of the batteries.
Besides the influence of temperature, the battery model may also empirically take
account of the effect of the useful life that influences the internal features and performance,
affecting the characteristic charge and discharge curves [37][46].
Figure 9 shows the Simulink implementation of the full power batteries model of the
hybrid vehicle. As with [36], the effects of any possible differences between individual
battery modules are not taken into account due to the difficulty in quantifying and modelling
them.

3.4. Electric Motor
The electric motor is modelled using curves that give us motor performance according to
torque and speed, since an equivalent circuit-based model requires more data, usually
unknown, which has to be estimated. Thus, the electrical power consumed by the motor at
any one time can be calculated. In order to calculate the voltages and intensities flowing
round the motor stator winding and its frequencies, the motor operating zone is separated into
two zones depending on whether the engine speed is less or greater than the speed of
synchronism.
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Figure 9. Battery simulation model.

The performance of the motor when it acts as a generator in regenerative braking
processes can also be simulated with the model. In such an instance, this means a positive
yield in energy recovery and the kinetic energy recovered is stored in the batteries.

3.5. Low Voltage System and Solar Panels
The solar panels are modelled using a constant that represents the power delivered by the
photovoltaic panels, which can be modified according to the conditions to be simulated.
Modelling the low voltage system is done by inserting constants to represent the different
electrical charges consumed by the vehicle accessories. This block also includes the airconditioning system load, which may be activated or not, and which has an influence on the
operating point of the internal combustion engine.

4. DEFINING THE CONTROL STRATEGY
Taking account of the pre-established specifications for the vehicle, electronic
management for the whole system is approached. This control strategy is configurable, but
the most suitable one is presented now. In it, three possible operating states have been defined
for the vehicle:
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Vehicle switched off (E0): State of the vehicle when the ignition key is removed
or is in the off position.
Electrical operation (E1): In this state the combustion engine is not running and
the only power source for the electric motor is the batteries.
Operation of the combustion engine (E2): The combustion engine ignites to
operate the air-conditioning or recharge the batteries, setting itself at the constant
engine speed operating point suited to the generator and providing the torque
required.

Table 1 shows the characteristic input signals of the system and figure 10 the states of
energy control diagram showing the transitions between pre-defined states.
Table 1. Control unit input binary signals
Input signal
Vehicle ignition

e1

Combustion engine
enabling/disabling
Air-conditioning switch

e2

Battery charge level

eSOC1
eSOC2

External battery charge

eCharge

Solar panel charge
Regenerative braking
enabling/disabling

e3

States
0: Off
1: On
0: Disabled
1: Enabled
0: Off
1: On
00: Complete (90%-100%)
01: High (70%-90%)
10: Medium (50%-70%)
11: Low (0%-50%)
0: No external charge
1: With external charge
0: Low voltage circuit
1: Batteries
0: Disabled
1: Enabled

Control
Driver
Driver
Petrol level
Driver
SOC
evaluation
module
Driver
Vehicle
ignition
Driver

It should be pointed out that the combustion engine can be disabled by two signals: one
operated by the driver (for circulation in zones requiring zero pollution levels) and another
given by the petrol level. Moreover, it should be emphasised that the regenerative braking
management acts directly on the inverter regardless of the operating state, so it is not included
in the diagram, nor is solar panel management which is directly dependent on the ignition of
the vehicle. Furthermore, following the tests presented in [37] and the conclusions drawn
from them and from figure 8, the optimum operating range of the batteries is to be found
between 50% and 70% of the state of charge. Therefore, the hybrid operation control strategy
should be adapted to these values in the absence of other requirements, as this kind of strategy
is particularly suited to optimising consumption [47]. This conclusion has been checked by
simulation results.
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Figure 10. Energy control system states diagram.

Figure 11. Driving cycle used.

141

142

Felipe Jiménez and José María López
Table 2. Components characteristics

BATTERIES (25 MODULES)
Type
Nominal voltage
Capacity (2h)
Weight
ELECTRIC MOTOR
Type
Nominal power
Nominal torque
Nominal speed
Maximum speed
Weight
Cooling
INTERNAL COMBUSTION ENGINE
Fuel
Cylinders
Maximum power
Maximum torque
Weight
Cooling
Emissions Regulations
GENERATOR
Power
Rotation speed
Output voltage
Voltage control
Cooling
SOLAR PANELS
Type
Nominal voltage
Maximum power

Acid Pb
150 V
20 Ah
117.5 kg
Induction
15 kW
50 Nm
2850 rpm
9000 rpm
41.5 kg
Water
Unleaded petrol
2
15 kW (5000 rpm)
37 Nm (3000 rpm)
49 kg
Water
EURO 4
9.4 kW
2600 rpm
135 V (130 Hz)
Close-loop
Air
Photovoltaic
12 V
120 W

5. RESULTS OF SIMULATIONS
The model described above was used to size the vehicle’s components and to arrive at the
most effective control strategy that was compatible with specification requirements. Table 2
shows the features of the components that were finally chosen and which were used for the
simulations shown below.
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Figure 12. Evolution of the state of charge of the batteries and activation of the internal combustion
engine (different initial SOC values: 70% and 50%).

Given the initial specifications of the vehicle, the driving cycles usually taken into
account would not be representative of actual operation. Therefore, in the study, an adapted
cycle was designed whose urban cycle coincided with the standard European driving cycle,
while the interurban cycle was replaced by driving at a top constant speed of 50 km/h with a
120 second duration (figure 11). This cycle attempts to simulate a standard operation of the
vehicle designed to include the exit from depots, journeys between bus-shelters to collect
used batteries and the return to the depot, mainly during night-time journeys. Figure 12 shows
how the state of charge evolves and the activation of the internal combustion engine, starting
from different initial states of charge.
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As shown, the simulation model was used as a support during the design stages. Thus, it
was used to make decisions, such as how to operate the air-conditioning, for instance, a
system which involves a substantial but non-permanent load as it is driver operated. Two
possibilities were taken as the starting point:



To operate the compressor with the internal combustion engine, as with conventional
vehicles.
To operate the compressor using an electric motor driven by the energy from the
batteries.

The first option has the advantage of being simpler and more economical. The main
drawback is that if the air-conditioning is switched on, the internal combustion engine needs
to be started. The second option is more complicated but makes the air-conditioning possible
without having to switch on the combustion engine. However, the combustion engine has to
intervene more frequently since the power batteries discharge more quickly. The simulations
performed gave the results shown in table 3. It should be pointed out that since the final state
of charge of the batteries, after the cycle, is not the same, the results of the simulations are not
directly comparable. The solution proposed is to work with a fictitious estimate of the amount
of fuel that would be needed to increase the state of charge with the vehicle stationary. As
may be seen, fuel consumption is lower when the air-conditioning compressor is operated by
the combustion engine, so this solution is adopted, as previously stated.
An element that differentiates the designed vehicle from other hybrid vehicles is the
fitting of solar panels to compensate part of the low voltage circuit charge during operation
and charge the power batteries when the vehicle is stationary. The fuel saving study obtained
when the initial state of charge is 100 % appears to be representative. According to the
simulation, another 12.8 km could be run without any need to operate the combustion engine
to recharge batteries compared to if this charge was not used.
Finally, exclusively in electrical mode, autonomy is evaluated from an initial 100% state
of charge (either through external or solar panel charging). The simulation shows that it is
possible to cover 35.1 km without needing to switch on the combustion engine. The figures
are higher than the initial specifications, which makes this design suitable for working in
electrical mode in an urban zone where a reduction in emissions is sought.
Table 3. Simulation results with the air-conditioning operating
Initial SOC
(%)
100
75
50

Air-conditioning
operating
Batteries
Combustion engine
Batteries
Combustion engine
Batteries
Combustion engine

Final SOC
(%)
66
59
69
57
62
60

Consumption (l)
1.72
1.37
2,05
1,73
2,78
2,09

Equalised
consumption (l)
2,40
2.19
2,17
2,09
2,54
1,89
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CONCLUSION
This chapter has presented the process for modelling and designing the energy part of a
hybrid vehicle (combustion engine- generator, electric motor, batteries and solar panels)
configured in series for a specific application with defined operating specifications.
Due to the particularities of the propulsion system and the need to optimise control
strategies that observe vehicle design specifications, a specific model has been developed in
Matlab/Simulink that enables components to be selected and studied and the full system to be
analysed.
Simulations were performed on a standard European driving cycle with its interurban part
modified to the characteristics of the vehicle. The results led to the selection of the
components and decision making regarding design, an example of which was operating the
air-conditioning with the combustion engine instead of the electric motor. The utility of the
results was demonstrated in the preliminary design stages as well as their high flexibility for
optimising control strategies.
Based on these results, the prototype is currently in the construction and testing stage. As
already stated, as a future development it is hoped to replace the combustion engine by a fuel
cell.
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ABSTRACT
Spacecraft regardless of size, type and purpose, usually contains a number of moving
mechanical systems (MMS). Continual performance of these systems only can guarantee
the intended functions that are essential for successful operation of the spacecraft. Most
of the problems encountered with these moving systems are pertain to tribology. Space
tribology is a subset of the lubrication field dealing with the reliable performance of
satellites and spacecraft including the space station. Lubrication of space system is still a
challenging task before the tribologists due to the unique factors encountered in space
such as near zero gravity, hard vacuum, weight restriction and attention free operation.
Ever since the space exploration, a number of mission failures reported emanate from
bearing system malfunction. A bearing in a moving mechanical assembly can fail due to
multiple reasons such as degradation of lubricant, loss of lubricant from the working zone
by surface migration and evaporation, and retainer instability. Unlike yester years, space
missions of today are planned to last for 30 years or more. To achieve such long-term
missions, tribologically efficient moving mechanical systems are essential.
This chapter briefs space tribology, tribological requirements of spacecraft moving
mechanical systems and various lubricant supply systems designed for high speed MMS.
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1. INTRODUCTION
More than 50 years have passed since the beginning of the space exploration. Still,
malfunctioning of spacecraft components have been observed throughout the world. In many
cases, these component failures lead to partial or total failure of the spacecraft mission.
During these years, tremendous growth is observed in the electrical, electronic and
electromechanical components through disciplined design, standardization and quality
assurance practices. These progresses helped in the miniaturization and hybridization of
spacecraft systems and the development of cost effective spacecraft missions. However,
notwithstanding the progresses made in the mechanical engineering, spacecraft designers are
still striving to develop efficient mechanical systems which cope with the future long-term
requirements. During mid-1960’s mission life requirements was 3 to 5 years and by the mid1970’s life requirements of 7 to 10 years were common [1]. But today, the attention is
focused on the development of subsystems for spacecrafts with longer mission duration of
more than 30 years, a typical case being the space exploration initiative (SEI) of NASA [2].
These missions will require mechanical systems that operate for 30 years. These long life
requirements bring a lot of challenges with them, especially in the area of moving mechanical
systems.
Spacecraft incorporates a wide variety of moving mechanical systems which must
operate with total reliability in space environment. These moving systems can be broadly
classified as high speed systems which include the gyroscopes, momentum/reaction wheels
etc., and low speed systems that encompass the hinges, scanners, solar array drive etc. The
moving mechanical systems contain sliding or rolling contacts that are required to operate
with least frictional power loss, due to the limited power availability on board the spacecraft.
Each of these systems is designed to perform some definite task, for example, the gyroscopes
are used in the attitude control system (ACS) as an inertial sensor to detect the attitude error
of the spacecraft with respect to a reference object (stars, sun, earth etc.). Similarly,
momentum/reaction wheels are used in the attitude control system as actuators to correct the
attitude error and maintain the spacecraft attitude. Thus attitude control can be defined as the
process of achieving and maintaining a desired orientation of the spacecraft. It is vital in
achieving the mission objectives.
Since, control and maintenance of spacecraft attitude is a continuous process, various
elements of the attitude control system have to work continuously from beginning to end of
the mission. Moreover, the high speed mechanical systems involved in this process are prone
to degradation failure. In these systems, failures are mostly related to tribology. A number of
mission failures are reported due to the tribological malfunction of attitude control systems.
Skylab, Insat-1D are typical examples [3-5] and the most recent is the bearing failure in the
control moment gyro (CMG) of the international space station on July 2002 [6]. Therefore,
the development of high speed attitude control systems for the future requires advancement of
tribology technology. Hence, by highlighting the tribological issues of spacecraft attitude
control systems here, possible tribological solutions for the development of attitude control
systems for future long-term applications are elaborated.
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2. SPACE TRIBOLOGY – OVERVIEW
Tribology is defined as the science and technology of interacting surfaces in relative
motion, or in other words, it is the study of friction, wear and lubrication. It is a truly
interdisciplinary field that encompasses material science, chemistry, physics, mechanics,
thermodynamics etc. The word “tribology” was introduced in 1966 by “Department of
Education and Science Report” from England [7]. However, man’s interest in the constituent
parts of tribology is older than the recorded history. It is evident from the invention of the
wheel which reduced the friction in translational motion. It is estimated that approximately
one-third of the world’s energy resources utilization appears as friction in one form or another
[8]. These frictional losses in terms of monetary losses to industries are enormous. With the
evolution of this interdisciplinary branch of science, a systematic approach for the study of
friction and methods to reduce its harmful effect on interacting surfaces are formulated. This
has helped the current world to save considerable energy and thus money through good
tribological design practices.
Space tribology is a subset of the lubrication field dealing with the reliable performance
of satellites and spacecraft (including the space station) [9]. In a spacecraft, there are a
number of mechanisms that contain machine elements having interacting surfaces. The
friction in these elements causes excessive wear and tear of the components which reduce the
life and performance of the spacecraft. One of the major challenges a design engineer of
spacecraft faces is the design of mechanical systems which consumes lowest electrical power.
This amounts to a system design with lowest mechanical losses. This is possible only by
reducing the frictional losses at the interacting surfaces through tribologically efficient design.
Since the availability of power in a spacecraft is limited, its optimum usage will help in
making the mission successful. The factor that complicates the space tribology is the space
environment. Unlike terrestrial tribology, the presence of vacuum and extreme temperatures
poses daunting challenges to the tribologists. The first challenge is to develop lubricant that
can withstand these extreme conditions. Through concerted research over the years, a number
of lubricants have been developed which have proved their suitability for extreme operating
environments. The second challenge is to develop efficient lubrication technique to ensure the
required performance and desired life. Through rigorous research, space tribologists have
developed various lubrication techniques for different spacecraft mechanical systems.
Notwithstanding the tremendous progress made in the area of lubrication over these years,
failure of spacecraft systems still persists. This shows that there is a considerable gap between
the demand and availability lubrication technology.
Figure 1 shows the growth of space technology, associated tribology demand and the
solutions derived to cope with the demand. It is seen that the space technology over these
years is steadily growing to fulfill the needs of the scientific and business world. At the
beginning of the space exploration, spacecrafts were designed mainly to study the space
environments and most of these spacecrafts were designed for shorter life. Later, in 1960’s
with the advent of communication satellites (Telstar in July 1962 [10]), the mission life
became critical. This long life requirement demanded long lasting spacecraft systems. During
these periods, tribology was in its infant stage or even not known or developed.
Consequently, the factor which decided the life of components of the spacecrafts is mostly
mechanical failure owing to tribological malfunction. The demand for long lasting tribo-
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systems has grown up as the complexity of the spacecraft increased. Today, it has reached a
state where missions are planned to last for decades, a typical example being the international
space station (ISS). However, the frequent failures of moving mechanical system in
spacecrafts reveal that the growth of space tribology is lagging behind the demand. It is
imperative to carry out concentrated research and development in space tribology.
The prime objective of the study of tribology is to understand the causes of friction and
the means to reduce it. The effect of friction can be reduced by separating the surfaces in
relative motion by interposing a third body that has a low resistance to shear so that the two
surfaces do not sustain serious damage or wear. This third body is called lubricant and it can
be a liquid, solid or gas. In a spacecraft there are mechanical systems that are lubricated either
by liquid lubricants or solid lubricants. Most of the high speed systems such as gyroscopes,
momentum/reaction wheels use liquid lubricants. All these systems are sealed to protect them
from the space vacuum. Most low speed systems like solar array drives, sensors, antenna
scanners use solid or semi solid lubricants. Since these systems are exposed to hard vacuum,
liquid lubricants are not suitable due to their proneness to higher evaporation. In addition, the
lubricants used in these systems must withstand exposure to radiation, electrons, protons etc.
The nature and quantity of this flux is dependent upon the orbit [11, 12]. These requirements
favor the use of solid lubricants.

Figure 1. Growth of spacecraft technology, tribology demand and solutions.

2.1. Solid Lubrication
The solid lubricants used in spacecraft mechanisms come under three classes. These are
soft metals, lamellar solids and polymers. Soft metals include gold (Au), silver (Ag), and
indium (In). Lamellar solids include transition metal dichalcogenides, like molybdenum
disulphide (MoS2) and tungsten disulphide (WS2). These compounds have a layered structure
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and low friction properties (typically <0.1 at low loads) even at high temperatures.
Polyimides and polytetrafluoroethylene (PTFE) are examples of polymeric solid lubricants
used in space. These are self lubricating materials and are mainly used for making bearing
retainers and bushings.
In spacecraft bearings, the solid lubricants are applied as thin film of uniform thickness.
Different techniques such as burnishing, bonding or vacuum deposit are used to apply the
lubricant on to the bearing surfaces. In burnishing process, the lubricant film is applied by
rubbing the lubricant material against the bearing surfaces to be coated. The thickness of the
film in this process is difficult to control and depends on the preparation of the substrate and
the process [11]. In bonding process, the lubricant is mixed with some binding materials and
applied to the bearing surfaces by spraying or dipping. The binder material provides better
adhesion to the substrate; give longer endurance than the burnished films. After deposition,
the binder is removed by heating or by chemical processing. The film thickness obtained by
this method is usually high (several microns) which result in high friction. However, this
method is still used in some components where friction is not so critical such as clamps,
release mechanisms etc.
Vacuum deposition technique is used to give a thin uniform coating of lubricant to
bearings used in precision mechanisms such as solar array drive, slip rings and brushes,
scanner bearings etc. In this process, the film thickness can be accurately controlled. The film
thickness is dependent of the surface roughness and cleanliness of the substrate. Therefore,
before the coating process, the bearing surfaces are cleaned by sputtering technique. Usually,
the thickness of the lubricant film will be less than a micron. Sputtering and ion-beam
techniques are used to give uniform coating. This method is widely used to plate MoS2 and
lead (Pb) ion on precision bearings that are exposed to hard vacuum. Of these two commonly
used solid lubricants (MoS2 and Pb [11, 13-15]), the lead ion has limited life in the presence
of air due to the formation of oxides. Therefore the spacecraft systems with lead ion plated
bearings are to be protected with inert gas during testing phase. In space environment, these
films show extremely low friction. The gold and silver are plated to tribological surfaces
which function as electrical conductors such as the slip rings and brushes in a solar array
drive.

2.2. Liquid Lubrication
As mentioned above, most of the high speed systems used in spacecraft is lubricated by
liquid lubricants. The primary advantage obtained with liquid lubricants is that the bearing
surfaces separated by hydrodynamic film of lubricant, have virtually no wear, and thereby
have potentially infinite lives. Depending upon the thickness of lubricant film present
between the interacting surfaces, four well defined lubrication regimes are identified, such as
hydrodynamic, elastohydrodynamic (EHD), mixed and boundary lubrication regimes [9,1619]. These four regimes are clearly understood from the Stribeck/Hersey curve (Stribeck
performed a series of journal bearing experiments in the early 1900's [20]. He measured the
coefficient of friction as a function of load, speed, and temperature. Later, Hersey performed
similar experiments and devised a plotting format based on a dimensionless parameter, ZN/P
[21].), which shows the coefficient of friction as a function of dimensionless bearing
parameter (ZN/P), where, Z is the lubricant viscosity, N is the velocity and P is the bearing
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load. These regimes are depicted in Figure 2. A space bearing with liquid lubrication
undergoes the last three regimes namely EHD, mixed and boundary before it fails due to
lubricant starvation. The characteristics of these regimes are briefed here.
Hydrodynamic lubrication: In hydrodynamic lubrication, the thickness of the lubricant
film is sufficiently thick to separate the interacting surfaces. This will occur when the
lubricant viscosity and or speed are sufficiently high and the load on the bearing is low. The
film thickness will be greater than 0.25 µm and no metal to metal contact occurs. This kind of
lubrication is not suitable for space bearing because it is not possible to store and supply such
a high quantity of lubricant required for longer periods. Moreover, the liquid lubricants are
prone to contamination by evaporation and this will have harmful effect on other components.
For this reason, the space bearings are lubricated by minimum quantity and the bearing
systems are hermetically sealed.
h – 0.0025 µm

h ~ 0.025- 0.25 µm

h

h ~ 0.0025 – 0.025µm
h > 0.25 µm

Hydrodynamic

Elastohydrodynamic

Mixed

Boundary

Coefficient of friction, µ

0.15

0.001

Viscosity × Velocity ZN
,
Load
P
0.001
Figure 2. Stribeck / Hersey curve [18].

Elastohydrodynamic lubrication (EHL): In EHL [19,22-24] the bearing pressure
increases to a level where the lubricant viscosity provides higher shear strength than the
interacting metal surfaces. Here, the lubricant is carried into the convergent zone approaching
the contact area. As a result, the metal surfaces deform elastically in preference to the highly
pressurized lubricant, which increases the contact area (Figure 3). In other words, the load is
carried by the elastic deformation of the bearing material together with the hydrodynamic
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action of the lubricant. A bearing operating in EHD region shows an indefinite life with least
friction torque (refer Figure 2). The most interesting practical aspect of the EHL theory is the
determination of lubricant film thickness which separates the ball and the races. The generally
used equation for calculating the film thickness is the one developed by Hamrock and
Dowson [19]:



0.68 0.49 -0.073
-0.68k
H min = 3.63 U s
G
W
1- e

H min =

and



(1)

hmin
Rx

,

(2)

where, Hmin is dimensionless minimum film thickness, Us is the dimensionless speed
parameter, G is the dimensionless material parameter, W is the dimensionless load parameter,
k is the ellipticity parameter, hmin is the minimum film thickness and Rx is the effective radius.
The effectiveness of EHL is described by the film parameter or λ ratio, which is the ratio
of central film thickness at the hertz contact zone to the r.m.s surface finish of the rolling
element surface;

Figure 3. Elastohydrodynamic lubrication.

=



hmin
2
2
sr + sb



1

2

(3)

where, sr and sb are the r.m.s surface finish of races and balls. The EHL regime is
characterized by λ ratio between 3 and 10 which corresponds to a film thickness between 0.1

156

K. Sathyan, H. Y. Hsu, and S. H. Lee

and 1 μm. It has been pointed out that a full film can be obtained with no asperity contact
only when λ > 3. If λ < 3, it will lead to mixed lubrication with some asperity contacts [22].
The concentrated research on EHL resulted in the identification of three subdivisions in
EHL, namely starved EHL, and parched EHL and transient/non - steady state EHL [25]. In
starved EHL, the pressure build-up at the inlet contact region is low due to restricted oil
supply. As a result the lubricant film will be thinner than calculated by EHL theory [22]. In
parched EHL, the lubricant film is so thin that they are immobile outside the contact zone [26,
27] and this regime is particularly important for spacecraft systems bearings operating at high
speeds. In the transient/non-steady state EHL, the load, speed and contact geometry are not
constant with time. The theoretical behavior of this regime in point contact bearings is not
well understood [25] but it is studied experimentally by Sugimura et al [23].
Mixed lubrication: If the bearing pressure in an elastohydrodynamically lubricated
bearing is too high or the running speed is too low, the lubricant film will be penetrated. The
asperities of the bearing surfaces will come into contact and partial lubrication results. The
behavior of the conjunction in a mixed lubrication regime is governed by a combination of
boundary and fluid film effects [24]. The value of λ in this case is between 1 and 5. In
spacecraft bearings mixed lubrication will occur when there is insufficient supply (starvation)
of lubricant to the working zone.
Boundary lubrication: In boundary lubrication, the interacting surfaces are not separated
by the lubricant film. The lubricant film thickness is so narrow that direct metal to metal
contact occurs. The coefficient of friction is high (0.15) and the resultant heat generation also
high. The frictional characteristics are determined by the properties of the interacting surfaces
and the lubricant film present. The high pressure and temperature at the contact surfaces
causes the formation of a reactive film (called boundary film) which is capable of supporting
the load without major wear or breakdown. To impart boundary lubrication properties, most
space lubricant are processed with boundary additives. The commonly used inorganic
additives are compounds of chlorine, sulfur, phosphorus and iodine [24]. The value of film
parameter (λ) at boundary lubrication is less than 1 and the lubricant film thickness is less
than 2.5nm. The high speed space mechanism bearings are not preferred to operate in the
boundary regime due to high friction.

2.2.1. Liquid Lubricants
Since no single lubricant can meet the often conflicting requirements of various
applications for liquids, hundreds of specialty lubricants have been developed for aerospace
applications [28]. There are a number of factors to be considered while considering a
lubricant for space application such as operating temperature range, working environment,
load on the bearings, speed of operation, bearing frictional torque etc. A space lubricant
should have the following essential properties:
Viscosity index: Since the system has to work over a wide temperature range (typically
between 15 and 85 °C) the change in viscosity with temperature should be the minimum to
maintain the EHD film. A space bearing is required to work with steady friction torque;
otherwise the torque noise will act as a disturbance torque on the spacecraft. Therefore to
maintain the viscous friction of the bearing a constant at the working temperature range, high
viscosity index lubricant is to be selected.

Table 1. Properties of comonly used space lubricants

Pour Point (oC)
Sp. Gravity
( g/cc)
Vapour Pressure
(Torr) @100oC
Surface tension
(mN/m)

-9

1x10-6
(20oC)

Krytox™ 143 AB

14.6

15.75

14.6

49

10.3

73

106

235

232

230

-12

-60

0.88

0.915

10-8

7x10-4

30

30

55
(20oC)
128

52

103

127.5

108

159

85

146

130

137

335

248
-45

10-6

15

12

500±25

94

79

113

210

170

169

-53

-50

-15

Demnum

77.6

BP 135

15.5

SiHC2, Type 2

Flash Point (oC)

Kluber
PDP 65

Index

520
(20oC)
101

SRG 60

KG 80
Viscosity, cSt

@ 40oC

9.44

Silahydrocarbons
SiHC1, Type 1

Fomblin™ Z-25

16

Lubricant
Properties

@100oC

PFPE

pennzane® SHFX2000

Synthetic Hydrocarbons

Nye 3001A

Silicon
fluids

Nye 186A
(POA)

Esters

VersilubeF 50

Mineral Oils

300

-73

-48

-48

-55

-66

-43

1.045

0.85
(15oC)
5x10-8

0.83
(100oC)
2.4x10-7

0.85

1.85
(20oC)
1.3x10-8

1.89

25

18.5

1.4x10-10

1.5x10-4

10-5
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Figure 4. Evaporation rates of various aerospace liquid lubricants [25].

Vapor pressure: The volatilization of lubricant contaminates the system and may have
harmful effects; therefore the vapor pressure should be low in order to minimize losses by
evaporation and to limit the pollution due to degassing. Figure 4 [25] shows the relative
evaporation rates of various aerospace lubricants.
Pressure–viscosity coefficient (α): The pressure-viscosity coefficient is important in
determining the EHD film thickness at the ball-race contact inlet. It is observed that the fluid
viscosity is an exponential function of pressure such that between the contacting surfaces in a
loaded rolling bearing assembly, viscosity is likely to be 10,000 times its base value at zero
pressure [29]. Also, from EHL theory, the lubricant with the largest α value should yield the
thickest film at room temperature [25]. Since the bearings will subject to severe loads during
the launch phase of the spacecraft, lubricants with high α values are to be selected.
Creep: All liquid lubricants have a tendency to creep or migrate over bearing surfaces. It
has previously been demonstrated by Fote et. al. [30, 31] that small temperature gradients
cause a rapid and complete migration of oil films toward the regions of lower temperature.
The migration was induced by capillary forces, temperature gradients and gravity. The creep
is inversely related to lubricant’s surface tension, i.e., if the lubricant surface tension is low,
there is more chance of it migrating from the working zone of the bearing. Hence, lubricants
with high surface tension are selected for space application.
There are a number of liquid lubricants that have been used in high speed moving
mechanical systems. These lubricants fall under different classes based on their chemical
structure such as mineral oils, silicon fluids, esters, synthetic hydrocarbons,
perfluoropolyethers (PFPE) and silahydrocarbons. Table1 shows the property data of some of
these lubricants.
Mineral oils are natural hydrocarbons with a wide range of molecular weights. The
paraffinic base oils are commonly used for space applications. These are available in a wide
viscosity ranges, for example SRG-40 and SRG-60. Silicon lubricants were used in the early
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spacecrafts. Most of this oil has a very low vapor pressure and excellent low temperature
properties. But it degrades quickly under boundary lubrication conditions [32], thus its
application is discontinued in many space systems. Esters are inherently good boundary
lubricants and are available in a wide range of viscosities. Diesters and triesters are the
commonly used lubricants. A series of esters are marketed by Nye Lubricants namely UC4,
UC7 and UC9. The ISOFLEX PDP65, diester oil produced by the Kluber Lubrication is used
as a momentum wheel lubricant. Synthetic hydrocarbons are of two groups, polyalphaolefins
(PAO) and multiply alkylated cyclopentanes (MACs). The PAO is made by oligomerization
of linear α-olefins having six or more carbon atoms, example: Nye 186A, 3001A. MACs are
synthesized by reacting cyclopentadiene with various alcohols in the presence of a strong
base [32]. The products are hydrogenated to produce the final products, which is a mixture of
di-, tri-, tetra- or penta- alkylated cyclopentanes [9,25]. These lubricants are known as
Pennzane® and the two types which are currently in use are SHF X1000 and SHF X 2000.
The perfluoropolyether lubricants have been in use for over 30 years. This is a well
known ball bearing lubricant for the international space station [33]. These are made by
polymerization of perfluorinated monomers. There are a number of PFPE lubricants available
for space applications such as Krytox™, Fomblin™, Demnum™ etc. These are high density
lubricants and due to this, yield EHD film thickness twice that of other lubricant having the
same kinematic viscosity [25,34]. However, it has been reported that viscosity loss, both
temporary and permanent, occurred under EHL conditions due to high contact pressure [33].
Silahydrocarbons are relatively new class of lubricant with great potential for use in space
mechanisms. They are unimolecular species consisting of silicon, carbon and hydrogen and
posses unique tribological properties. These are available as tri-, tetra- and pentasilahydrocarbons based on the number of silicon atoms present in their molecules.
Silahydrocarbons are compatible with conventional lubricant additives.

3. TRIBOLOGICAL ASPECTS OF MMS
In this section, the tribological aspects of high speed MMS are reviewed. As mentioned
previously, the high speed systems form part of the attitude control system (ACS) of a
spacecraft. Most spacecrafts use momentum wheels, reaction wheels and control moment
gyros (CMG) for the attitude control process. Momentum/reaction wheels are spacecraft
actuators used for control and stabilization of spacecraft attitude to the required level. A
momentum wheel mounted in gimbals is known as control moment gyro. These are
momentum exchange device that works by the principle of conservation of angular
momentum. Conservation of angular momentum states that the angular momentum of a
system without external torques is constant in the inertial frame. The satellite and the
momentum wheel system have an angular momentum equal to the sum of individual angular
momentum and it is constant at all times provided there are no external disturbances on the
satellite. The torque produced by changing the angular momentum of the wheel is used to turn
the satellite to the required direction. Since the inertia of the satellite is large compared to that
of the momentum wheels, a very precise control of the satellite orientation is possible with
momentum wheels [35]. Typically, a momentum wheel consists of a flywheel which is driven
by an electric motor (generally, a brushless dc motor) as shown in Figure 5 [36]. Its precise
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rotation about a fixed axis is ensured by mounting it over a bearing unit consisting of a pair of
high precision angular contact ball bearings. The normal operating speeds of momentum
wheels are in the range of 4000–6000 rpm. The flywheel and the rotor of the motor are
mounted on the bearing unit housing. The speed of the fly wheel is controlled through a drive
electronics circuit. To protect from the outside environment, all these components are
enclosed in a hermetically sealed metal casing purged with an inert gas. Usually the internal
pressure is less than atmospheric, typically 375torr [35, 36].
The bearing unit is the most critical component of a momentum/reaction wheels. The life
and performance of the wheel greatly depend on the bearing unit. Unlike the electronic
circuits, it is not possible to design a momentum/reaction wheel with redundant bearing units.
Therefore, utmost care is taken in the design, manufacturing and processing of bearing units.
There are two different designs of bearing units available such as rotating shaft design and
rotating housing design. Figure 6 shows a typical rotating housing type bearing unit used in a
momentum wheel [37]. The bearing unit is generally made of high quality steel (AISI 440C)
to ensure high strength and dimensional stability. Usually the bearings and the bearing unit
components are made of the similar material to eliminate the effects of thermal stresses,
because in service the wheels are subjected to a wide range of temperatures.
The bearings typically used in a momentum wheel are of light series high precision
angular contact ball bearings (ABEC 9) with non-metallic retainers (cages). Momentum
wheels with retainerless ball bearings are also now available [38]. The size of the bearings is
determined based on the angular momentum required for the attitude control process.
Typically, for a 60 N.m.s wheel operating in a speed range 3000–6000 rpm, bearing of 20 mm
bore is common (104 size). Cotton based phenolic retainers are commonly used in these
bearings. These retainers act as a primary source of lubricant when it is impregnated with the
lubricant. A phenolic retainer for 104 size bearing, when properly impregnated and soaked in
oil for 60 days, holds approximately 90 mg of oil in its body. During impregnation and
soaking, the oil penetrates into the cotton layer and is later available for lubrication. Also, the
metal parts of the bearing can hold approximately 15–20 mg of oil after it is centrifuged to the
operating speed. Hence, altogether, about 100 mg of oil per bearing is available initially. With
this amount of initial lubrication, bearings can perform up to 3–4 years normally, provided the
retainer is running stable [35]. However, with a retainerless bearings (full complement
bearing), the retainer oil is absent and the bearing surface oil is about 20 mg (addition of more
balls) and the authors have experience up to 13 months at 5000 rpm with no extra oil added.
However, the current life requirement for the wheels and other high speed space systems are
more than 20 years or even up to 30 years [39]. According to Auer [40, 41], ‘‘the ball bearing
lubrication remains the principal life-limiting problem on momentum and reaction wheels’’.
This tells us about the need for the development of efficient supplementary lubrication
systems to achieve the future long-term space missions. Moreover, since it is not possible to
service the spacecrafts once it is launched, in-situ remote lubrication systems are employed in
momentum/reaction wheels. Also, the bearings are required to operate with the minimum
frictional power loss, therefore it is preferred to operate in the elastohydrodynamic lubrication
(EHL) regime.
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Figure 5. Momentum wheel assembly [36].

Figure 6. Momentum wheel bearing unit [37].

Tribological failures of high speed MMS are related to lubricant breakdown, loss of
lubricant due to evaporation and surface migration (insufficient lubricant) and retainer
instability. Lubricant breakdown failure occurs when the original liquid lubricant is
chemically changed to solid friction polymer [42]. Kingsbury [43] has shown that the rate of
lubricant polymerization is determined by the thickness of the EHD film - larger rate for
thinner films and negligible for thicker films. Loss of lubricant in momentum/reaction wheels
occurs mainly due to evaporation, surface migration and centrifugal action. The working
temperature, which is also a function of bearing friction torque, causes the lubricant to
evaporate. The oil loss by migration is induced by temperature gradients and capillary forces.
It was demonstrated that a small temperature gradient leads to the rapid and complete
migration of thin oil films to the colder regions [44]. The capillary migration describes the
tendency of oil to flow along surface scratches and corners and is driven by pressure gradient
in the radius of curvature of the oil–vapor interface. Retainer instability is the most dangerous
mode of failure in momentum wheel bearings. It is characterized by large variation in bearing
friction torque associated with severe audible noise. Uneven cage wear, lubricant degradation
and insufficient lubrication are the prime causes for it. The retainer instability is related to
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number of factors like geometry and mass of the retainer, operating speed, lubricant quantity,
etc. [45-47]. Momentum/reaction wheels with retainerless ball bearings will overcome the
most devastating problem observed in conventional bearings. Thus with the selection of
proper lubricant and proven retainer design, lubrication remains the principle life limiting
problem on high speed MMS.

4. LUBRICATION SYSTEMS FOR LONG-TERM OPERATION
It is understood that no bearing can work indefinitely with the initial charge of lubricant
given to it at the time of assembly. There will be progressive loss of lubricant from the
bearing surface, and the rate is dependant on the operating conditions. In a space system
bearing, it is not possible to provide lubricant in excess initially with a view to extend its life.
To operate the bearings with least frictional torque and torque variation, as mentioned above,
it has to work in the EHL regime. Due to this reason, the bearings of high speed MMS are
centrifuged to remove the excess oil before assembling to the system. The bearing thus
contains the surface oil and the oil absorbed in the retainer pores. Thus, in order to achieve
long mission life, supplementary lubrication is extremely important. The function of the
supplementary lubrication system is to maintain right amount of lubricant at the bearing
working surfaces to produce a thin film. The thickness of the film should be sufficient enough
to maintain the bearing in the EHL regime of lubrication.
The ultimate aim of a spacecraft system designer is to minimize the size and weight of
the system. Since both these factors are critical in deciding the final weight and size of the
spacecraft, which in turn influence the selection of launch vehicle. Therefore, optimum use of
available space is appreciated. Due to this reason, the lubrication systems are enclosed either
inside the bearing unit or inside the system enclosure. Currently, there are a number of
different types of lubrication systems developed and used by different manufacturers for high
speed MMS. However, according to the nature of operation, these lubrication systems used in
high speed MMS can be broadly classified as passive lubrication systems and active
lubrication systems. Various lubrication systems which come under these two categories are
described in the following subsections.

4.1. Passive Lubrication Systems
The passive lubrication systems, also known as continuous lubrication system, supplies
lubricant continuously at a controlled rate irrespective of the requirement. In this class of
systems, the lubricant is stored at ambient pressure in a lubricant reservoir located near the
bearings. From the reservoir, the lubricant is fed continuously to the bearings at a
predetermined rate. Most of these systems use centrifugal force due to the rotation of the
bearing assembly to deliver lubricant, while some use a transfer material such as cotton fiber
that in touch with the bearing surface and lubricant in the reservoir. Passive type systems are
simple in construction, but difficult to control the flow rate to the required level. Different
techniques are used to control the flow rate in this type of lubricators. There are a number of
designs of passive lubrication systems used today by different manufacturers of MMS for
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spacecrafts. The oozing flow lubricators [42, 48-50], wick feed systems [51], porous lubricant
reservoirs [36], the centrifugal lubricators [36,52,53] etc., come under this classification.
Oozing Flow Lubricator: The ooze flow lubricator was invented by Fukuo Hashimoto
[48]. The lubricator is fitted to the outer spacer of the bearing unit, the ends of which are
formed as the bearing outer race. A set of precision turned helical grooves is made at the
interface of the inner and outer part of the lubricator. The width of the groove is at least 20
times the depth. The helical grooves run in the axial direction and deliver lubricant to each of
the bearings. The rate of flow is controlled by the dimensions of the helical groove and the
speed of rotation of the bearing shaft. The mathematically determined acceptable flow rate for
the design was 5 – 50 µg/h. With the design goal of 20 µg/h, the expected life of the system
was claimed as 15 years when operating at 12000 rpm. The space cartridge bearing system
presented by Kingsbury et. al. [42], the oozing flow lubricator presented by Jones et. al. [49]
and Singer et. al. [50] resembles the one mentioned above. Figure 7 shows the space bearing
cartridge with oozing flow lubricator [42].

Figure 7. Space cartridge bearing system with oozing flow lubricator [42].

Wick feed systems: In wick feed lubrication system [51], a cotton wick saturated with oil
is continuously in contact with the bearings. The frictional contact causes small amount of oil
to be deposited on to the contact surface. From this contact surface, oil migrates to the
bearing. The other end of the wick is in contact with oil in a reservoir and it absorbs and
maintains its saturation level. This system is used in early momentum wheels and with the
advent of more robust systems; its use has been discontinued. The major disadvantage with
this system is that the fibers in the wick may contaminate the bearing surfaces.
Centrifugal Lubricator: This is the most common type of lubricator currently used in
momentum/reaction wheels and control moment gyros (CMG). In this lubricator, the
lubricant (grease or oil) is filled in a cylindrical container and is assembled to the rotating part
of the bearing unit. A lubricant bleed path is provided on the outer surface of the reservoir,
through which the lubricant flows out. When the bearing unit is rotating, the lubricator
attached to it also rotating at the same speed. The centrifugal force thus generated forces the
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lubricant to flow out through the bleed path. The oil coming out of the lubricator is guided to
the bearings mounted on either side of the lubricator.
The centrifugal lubricators need to be well characterized under the operating environments
before it is being used in the actual system. The most promising advantage of this type of
lubricator is that no external actuators are needed and it assures unattended long-term operation.
It has the drawback of gradual decreasing flow rate, since the flow rate is proportional to the
head of oil in the reservoir which is progressively decreasing with time. Some manufacturers
use grease instead of oil to overcome the difficulty of flow control. But, experience shows that
the flow rate decreases drastically in this type of systems because of change in consistency of
the remaining grease in addition to the decrease in the head of oil [42].
Figure 8 shows the centrifugal oil lubricator developed by Sathyan et. al. [35-37, 52, 53].
In this lubricator, the lubricating oil is filled in a metallic reservoir contains an inner sleeve
and an outer cup. The capacity of this reservoir is approximately 5000 cc. On the periphery of
the outer cup, a small hole is drilled through which the lubricant flows out due to the
centrifugal force. The diameter of this hole is about 100 µm. Since the pressure developed
due to the rotation is sufficiently high, it is only a matter of hours to empty the reservoir
through this hole. Therefore, to control the flow rate to the lowest possible, a restrictor
mechanism fitted on the reservoir directly above the hole. The flow is restricted by means of a
micro orifice created on a metal foil of thickness 50 µm. The diameter of the micro orifice for
the required flow rate can be obtained from the theoretical model of the lubricator. The flow
rate [37] from the lubricator is given by:

  2  2 r 4  R32  R12 
qK


8
 R3  R2 

(4)

where K is the flow coefficient (approximately 0.326), ρ is the density of the lubricant in
kg/m3, η is the dynamic viscosity of the lubricant in kg/m-s, ω is the angular speed in rad/s, r
is the radius of the orifice in m, R1 is the instantaneous radius of oil inner layer in the
reservoir in m, R2 is the radius at which oil enters the orifice in m and R3 is the radius at
which oil leaves the orifice in m. In this case, R2 and R3 are constants and the difference
between the two gives thickness of the orifice plate. q is the mass flow rate in kg/s.
The coefficient K is obtained from the experimental and CFD simulation results. Thus, if
the flow rate required is finalized, the flow area can be calculated using Eq. (4). It is
understood that the lubricant flow rate required for maintaining continuous EHD film is of the
order of micrograms/hour. It is calculated from Eq. (4) that the diameter of the control orifice
required to obtain a flow rate of 10 µg/h is near to 2.8 µm.
The lubricator assembly, consists of two lubricators one for each bearing, is shown in
Figure 9. The lubricator assembly can be mounted in the free spaces available between the
bearings in the bearing unit as shown in Figure 6. The lubricant coming out of the lubricator
flows to the bearings mounted adjacent to it.
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Figure 8. Centrifugal oil lubricator [37].

Figure 9. Centrifugal oil lubricator assembly [37].

The predicted performance of the centrifugal lubricator is shown in Figure 10. The
diameter of the orifice is selected as 2.8 µm and the operating speed and temperature are 5000
rpm and 40°C. The temperature is corresponding to the maximum which a momentum wheel
experience in a geostationary satellite. The lubricant selected for the calculation is KLUBER
PDP-65; synthetic diester oil used in high speed MMS [52, 53]. It can be seen that the initial
flow rate is about 15 µg/h and the flow rate at the 50th year is about 7 µg/h. Also, the
lubricator has consumed only 52% of the total oil filled at the beginning for lubricating the
bearings for this period. The interesting feature of this lubricator is that the flow rate can be
varied by varying the quantity of lubricant filled in the reservoir. This lubricator is a strong
candidate for future spacecraft requiring longer mission life.
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Figure 10. Predicted flow rate and total flow of the centrifugal lubricator [37].

4.2. Active Lubrication Systems
The active lubrication systems, also known as positive lubrication systems, supply a
controlled amount of lubricant to the bearings when it is actuated by external commands. The
command to actuate the lubricator is executed when a demand for lubricant arises. The
demand for lubricant is indicated either by an increase in power consumption or by increase
in bearing temperature as a result of increased bearing friction torque. Lubricant film
thickness sensors are also used, which measures the film thickness at the designated point on
the bearing working surface. When the film thickness is less than a predetermined value, the
lubricator is actuated and supplies lubricant. This type of systems contains a lubricant
reservoir in which the lubricant is stored mostly under pressure. These systems are static and
are generally mounted external to the bearing assembly. The flow from the reservoir is
controlled by some mechanism that is actuated by external commands. There are
arrangements to deliver the lubricant directly to the bearings. Different versions of positive
lubrication systems are available with different actuators such as solenoid valves, electric
heaters etc. The commandable oiler [54] developed by the Hughes Aircraft Company, the
positive lubrication system (PLUS) developed by Smith and Hooper [55], the positive–
pressure feed system proposed by James [56] etc. are examples of solenoid operated systems.
The in-situ on demand lubricator developed by Marchetti et. al. [57, 58], the static lubricant
reservoir developed by Sathyan [35] etc. are examples of active lubrication systems using
electric heater. The command lubrication system (CLS) developed by Sathyan et. al. is of
different concept where the actuator is a stepper motor.
Valve Operated Systems: In valve operated positive lubrication systems, the lubricant is
stored under pressure inside a leak proof container. The oil is pressurized by springs or by
using compression bellows. The oil pressure is generally between 0.27 and 0.54 MPa. The oil
reservoir and the bearing are connected by means of narrow steel tubes. One or more solenoid
operated micro valves (normally closed) are connected to the line and near to the reservoir.
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The delivery end of the capillary steel tubes is placed adjacent to the bearings and is suitably
shaped. The amount of lubricant delivered is determined by the duration of valve activation
which is, depending on the oil viscosity and pressure, usually milliseconds or seconds. Figure
11 shows the schematic of a solenoid valve operated active lubrication system [36]. Here, the
oil is stored under pressure in a metallic bellows. Two solenoid operated micro valves (V1 and
V2) are used to control the lubricant supply to each bearing in the assembly. The capillary
tubes are of 0.5 mm internal diameter. The delivery end of the tubes are properly shaped and
directed towards the outer spacer of the bearing unit which separates the bearings. The ends
of the spacer which interface with the bearings are given a small taper of 0.5 degrees. When
the valve is actuated, the oil flows through the capillary tube and injected in to the tapered
surface of the rotating spacer. The centrifugal force causes the oil to flow axially towards the
bearings. It is also possible to deliver the oil directly to the bearings by placing the delivery
tip of the capillary tube pointing the bearing. In such case, there should be a standoff distance
between the tip and the bearing surface. This distance is generally slightly less than the
diameter of the oil drop formed at the delivery tip as shown in Figure 12. In this case, when
oil drop is developed at the delivery tip, it comes in contact with the moving bearing retainer
surface and is transferred to the retainer. The oil is distributed to the ball-race contact through
the retainer. At the tip of the capillary tube, anti-migration coating is provided which helps in
forming droplets at the tip.

Figure 11. Schematic of solenoid valve operated active lubrication system [36].

Figure 12. Method of oil delivery and position of delivery tip.
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Figure 13. Arrangement of static lubricant reservoir.

Electric Heater Operated Systems: This type of systems generally contains a lubricant
reservoir made of porous material. Non metallic isotropic porous materials such as sintered
nylon, sintered polyimide etc. are used. The porosity and pore connectivity are well controlled
by using spherical particle during sintering process. The porosity of the reservoir material is
typically between 15 and 30% by volume. When vacuum impregnated with oil, the reservoir
carries oil which is sufficient to lubricate the bearings for many years. An electric heater (foil
type) is attached to the reservoir. The reservoir with the heater is placed adjacent to the
bearings. When the bearing oil film thickness falls below certain limit, the heater is operated
for a specified time. The heater heats up the porous reservoir and oil flows out of the reservoir
pores as a result of differential thermal expansion. The lubrication takes place by surface
migration and vapor condensation.
The in-situ on demand lubricator developed by Marchetti et al. [57, 58] consists of a
porous material cartridge to which an electric heater is attached. The cartridge is impregnated
with oil and is attached to the stationary race of the bearing. When the cartridge is heated, oil
flows out of the cartridge and is migrate to the bearing surfaces due to the low surface tension
of oil compared to the bearing metal. It is actuated when the bearing temperature increases
due to higher friction, demanding lubricant. The system was evaluated using a spiral orbit
tribometer and proved its feasibility to use in long-lived space- crafts [59].
The static lubricant reservoir developed by Sathyan [36] consists of a porous material
(sintered nylon) reservoir mounted on an aluminum sleeve and a foil heater is pasted inside
the sleeve. The porosity of the reservoir material is about 30% by volume so that it carries
sufficient amount of lubricant to support the entire mission period. The reservoir assembly is
mounted on the static part of the bearing unit. When the heater is put on, the aluminium
sleeve gets heated up and transfers the heat to the oil in the pores of the reservoir. Due to
differential thermal expansion, oil flows out of the reservoir and forms a thick layer on the
reservoir surface. A portion of the lubricant evaporates due to the higher temperature (about
80 °C maximum) and low pressure (the internal pressure of momentum/reaction wheels are
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less than atmospheric). The lubrication is effected by surface migration and vapor
condensation. Figure 13 shows the arrangement of static lubricant reservoir. The major
drawback of this kind of system is the delayed lubrication process owing to the delay in oil
heated up and being ejected out of the system. Moreover, the heater activation time or heater
input power should be progressively increased after each operation to eject the same quantity
of oil.

Figure 14. The command lubrication system [60].

Figure 15. Command lubrication system delivering oil directly to bearing cage.

The command lubrication system (CLS) developed by Sathyan et. al. [36,60] consists of a
metallic bellows, a micro stepping motor, a low friction ball screw, injection nozzle and
capillary tubes. The stainless steel bellows act as the oil reservoir in which the oil is stored
under ambient pressure. This pressure is usually the internal pressure of the
momentum/reaction wheel or CMG, if it is placed inside the system and is usually varies
between 15 and 350 torr. The bellows is of compression type having a swept volume of
approximately 1.5 cm3, i.e. the difference between the normal state and fully compressed
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state. The micro stepping motor, which is the actuator, is a geared motor having a torque
capacity of 130 mN-m and is driven through the drive electronics. The motor shaft is
connected to the reservoir bellows through the ball screw. The high precision ball screw is of
miniature type having 3mm low friction screw. It is properly lubricated with space proven
lubricant and protected from contaminants. One end of the screw is rigidly connected to the
motor shaft. The housing/nut of the ball screw is attached to the bellows through the link. The
ball screw converts the rotary motion of the motor shaft into liner motion and thus actuates
the bellow. On the delivery end of the bellows, a nozzle is attached which connects the
capillary tubes with the bellows as shown in Figure 14. The stainless steel capillary tubes are
of 0.5 mm in diameter and are suitably shaped to reach up to the bearings as shown in Figure
15. The delivery end of the tube which acts as the delivery nozzle is ground and squared and
is coated with anti-migration film as shown in the Figure 12. This coating will help in the
formation of oil droplet by preventing spreading of oil around the nozzle tip. The reservoir is
fully charged with lubricant before it is assembled with the drive motor. The total mass of the
assembly is about 60 gm including lubricant.

Figure 16. Measured oil discharge from CLS.

As mentioned previously, high speed MMS bearings are assembled with an initial charge
of lubricant. Typically, in a momentum wheel bearing with phenolic retainer, the initial oil is
about 60 to 80 mg. This initial oil is sufficient for normal operation up to three years and it
will then start showing symptoms of abnormality indicating the demand for lubricant. In such
situation, the drive motor of the CLS is actuated for a predetermined period of time to deliver
oil to the bearings. When the motor shaft rotates, the ball screw attached to it also rotates. The
housing/nut of the ball screw which is rigidly mounted on the bellow moves linearly and
presses the bellow. As a result, the pressure of oil in the reservoir bellows increases and it
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flows out through the capillary tubes. At the delivery tip of the tube, oil forms droplet and
when the size of the drop is sufficiently large, it touches the moving component of the
bearing. It is to be noted that the tubes are routed through the stationary component of the
bearing unit and so it is stationery. The set-off distance i.e. the distance between the nozzle tip
and the rotating element of the bearing is determined from the size of the oil droplet. It was
experimentally determined that the weight of a drop of oil (Kluber PDP-65 oil) is
approximately 8 mg and the size is about 2.5 mm. Therefore, the set-off distance in this case
is taken as 2 mm. The nozzle tip can be suitably located near the bearing depending on the
design of the bearing unit to ensure oil discharge to bearings.
The CLS need to be calibrated before it is being integrated to the system. Calibration is
done to determine the actuation time required to deliver each drop of oil. The actuation time
is depends on the rotational speed of the motor shaft and the pitch of the screw. The
calibration data of a CLS is shown in Figure 16. The test is done under a vacuum of 350 torr
at 25 oC and the motor input is kept constant. During calibration, the motor is run for a
specific duration (typically 5 seconds each) and the oil discharge at the delivery tip is
collected and weighed. It can be seen from the figure that the total discharge in 50 cycles is
about 750 mg, which is only half of the swept volume, i.e. oil available for lubrication. It is
estimated that the average loss of lubricant from the bearing of momentum wheel is about
10mg/year [60]. This shows that if a quantity slightly in excess of this amount is supplied
every year, the bearing failure can be eliminated. Therefore, if one drop (8 mg) oil is supplied
every six months or a maximum of three drops per year, the failure due to lubricant starvation
can be completely eliminated. From the calibration data of the CLS, which shows that one
operation of duration 5 s deliver approximately 15 mg. Therefore, even two operations of 5
seconds each are planned every year, this system would provide lubrication up to 25 years.
The amount oil discharge from the CLS can be varied by varying the duration of operation
time. The oil discharge can be properly controlled by selecting suitable actuator motor, fine
pitch ball screws and suitable size bellows.

CONCLUSION
The scientific information provided here gives an overview of the tribological issues
faced by the designers of spacecraft mechanical system. More than 50 years have now passed
since the launch of first spacecraft. Also, many decades of research and development have
taken place after recognizing tribology as a special branch of engineering. Yet, tribological
failures of spacecraft systems and resultant mission failures still persist. In many high speed
moving mechanical systems failures are occurring mainly due to insufficient supply of
lubricant. Currently, missions are planned to last for decades contrary to short missions of the
past. Therefore, uninterrupted lubrication of these systems is a challenging task before the
tribologists. To help the tribologists in their design, different types of lubrication system
currently used in the space industry are presented. The centrifugal lubricator-a passive type
lubricator, and the command lubrication system – an active type lubricator, presented here are
the two promising candidates for lubrication systems of the future long-term spacecrafts.
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